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1 Introduction

In what follows, a theory is an arbitrary set Γ of formulas in any first-order language L
with a signature SignL. Γ may even be be empty, may or may not be finite or recursively
enumerable, may be contradictory, may or may not be closed under logical consequence.
The elements of Γ are called the axioms of the theory; logical consequences of Γ are called
theorems.

A model of a theory is a first-order structure A = 〈A,SignA〉 that makes every element
of Γ true with any assignment; in short,A |= Γ. (This requires the formulas being true under
every assignment; thus, if a theory contains open formulas, free variable occurrences are
treated as being bound by hidden universal quantifiers prefixed to the formulas containing
them.) A theory is satisfiable if it has models; otherwise it is contradictory.

First-order theories often use a language with function symbols. Since we developed the
syntax and semantics of first-order languages with individual constants and n-ary relations
as the only components of the signature of a language, we restrict our discussion to theories
expressed in such languages. Later we introduce n-ary function symbols.

We begin the discussion with two toy theories; they illustrate how

• the signature of the language contains the primitive concepts of a theory;

• the axioms of a theory express basic structural properties of its models;

• derived concepts can be defined with the primitive ones;

• conjectures in the theory can be proved to be theorems, or refuted.
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After the toy theories, we consider Peano Arithmetic, the standard theory of natural num-
bers, at some more length. We would like to capture the structure of natural numbers as
well as possible. We will see that the possibilities are limited.

But before considering all these theories, a short discussion of what capturing a structure
as well as possible means is due.

2 Isomorphism and categoricity

No first-order theory has a unique model; it is always possible to substitute different in-
dividuals for the elements of the domain A of a model A, while preserving its structure.
(As Hilbert allegedly said in the context of geometry: “One must be able to say at all
times—instead of points, straight lines, and planes—tables, chairs, and beer mugs.”) But
it is a reasonable requirement that all models of a theory should be uniform in the sense
that they differ only in the elements of their domain, and have the same structure. We call
this relation isomorphism, and we introduce it formally with the following definition:

Isomorphism Let L be a first-order language, and let A and B be structures to the
language. Let i : A −→ B be a one-to-one correspondence (bijection) between the
elements of the domains of the two structures. Furthermore, let i satisfy the following
conditions for any n-ary predicate P and individual constant c of L:

(i) for all a1, . . . , an in A, 〈a1, . . . , an〉 ∈ PA ⇔ 〈i(a1), . . . , i(an)〉 ∈ PB;

(ii) i(cA) = cB.

Then we call i an isomorphism between A and B. We call two structures A and B
isomorphic iff there exists an an isomorphism from A and B.

If a theory Γ has only one model up to isomorphism (that is, any two of its models are
isomorphic), then we call it categorical. As we will see, most cases it is impossible to meet
the requirement of categoricity by a first-order theory.

3 Parmenides’ world

Our first illustration of a first-order theory describes a structure with a singleton domain.
The extralogical vocabulary of the language consists of a single unary predicate I with the
intended meaning “imperishable”. The theory PW has a single axiom:

(P1) There is one and only one thing in existence, and it is imperishable.
∃x (∀y x = y ∧ Ix).

This theory is categorical, since any two models A and B of it have singleton domains
A = {a} and B = {b}, and the correspondence i that assigns b to a is an isomorphism.

The example can be generalized to a certain extent; any finite structure can be described
up to isomorphism by a first-order theory. However, as we will see, no infinite structure
can be described up to isomorphism.

4 Harmonious Loveology

In the language of this second toy theory we have a single binary predicate L. The intended
meaning of “xLy” is “x loves y”. This is a normative theory; it attempts at capturing
necessary conditions for love being distributed harmoniously in a community. The theory
HL has two axioms.
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HL1 Love is mutual. Whoever you love loves you back. (I.e. love is a symmetrical relation.)

∀x ∀y (xLy→ yLx)

HL2 Love spreads. If someone you love loves a person, you love them, too. (I.e. love is a
transitive relation.)

∀x ∀y ∀z
(
(xLy ∧ yLz)→xLz

)
HL is a satisfiable theory; on the other hand, it is not categorical. All of the following
structures are models of HL [. . . —diagrams with short explanations]

As we can see, it’s a common property of the above diagrams that we find loop arrows
at every node; that is, all the pairs of the form 〈a, a〉 are in the extension of L in that
model. That might give us the impression that this property holds of every model of the
theory; that is, the following conjecture is a theorem of HL:

Conjecture (false) Everyone loves herself.

∀xxLx

An attempted proof of the conjecture might run as follows. Take any element of HL, pick
an arbitrary element a of its domain. Now pick another arbitrary element b such that a
loves b; or in terms of diagrams, there is an arrow from a to b. By HL1, there is also an
arrow from a to b; and now by HL2 there must be one from a to a.

There’s an obvious flaw in this argument: we assumed that for any a we could find an
element b such that a loves b. So the conjecture fails in models with irolated elements, such
as [. . . —diagrams with short explanations] We are going to patch the flaw by refining the
conjecture. For this purpose, a definition will be at hand.

Definition A person is misanthropic iff they don’t love anyone.

Mx⇐⇒
def
¬∃y xLy

Equipped with this definition, it’s simple tu turn our false conjecture into a theorem:

Theorem 1 If a person is not misanthropic, they love themselves.

∀x (¬Mx→xLx)

Finally, let us see a couple of more definitions and theorems in HL.

Definition A person is philanthropic iff she loves everyone.

Px⇐⇒
def
∀y xLy

Theorem 2 If there is at least one philanthropic person, then everyone is philanthropic.

∃xPx→∀xPx

Definition A person is narcissistic iff they love themselves.

Nx⇐⇒
def

xLx

Definition A person is monophilic iff she loves one and only one person.

Ox⇐⇒
def
∃y

(
x 6= y ∧∀z (xLz↔(x = z ∨ y = z))

)
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Theorem 3 If someone is monophilic, then she is narcissistic.

∀x (Ox→Nx)

Definition A person is monogamic iff she loves exactly one person different from her.

Gx⇐⇒
def
∃y (y 6= x∧xLy ∧∀z (xLz→(z = x∨ z = y))

Definition A person is a hippie iff she belongs to a commune (that is, he belongs to a
group of at least three persons in which everyone loves everyone).

Hx⇐⇒
def
∃y ∃z

(
y 6= z ∧xLy ∧xLz

)
∧

∀y ∀z
(
((xLy ∨ yLx)∧(xLz ∨ zLx))→ yLz

)
Theorem 4 If someone loves at least two other persons, then she is a hippie.

∀x
(
∃y ∃z (x 6= y ∧x 6= z ∧ y 6= z ∧xLy ∧xLz)→H(x)

)
Theorem 5 Everyone is either misanthropic or monophilic or monogamic or a hippie.

∀x (Mx∨Ox∨Gx∨Hx)

5 Peano arithmetic: a version with relations

Language:

• 0 is an individual constant. The intended meaning of “0” is “zero”.

• S is a binary predicate. The intended meaning of “xSy” is “y is a successor of x”.

• + is a ternary predicate. The intended meaning of “+(x, y, z)” is “z is a sum of x
and y” (in the ordinary notation “x + y = z”);

• × is a ternary predicate. The intended meaning of “×(x, y, z)” is “z is a product of
x and y” (in the ordinary notation “x× y = z”);

Axioms:

A1 Every number has exactly one successor.

∀x ∃! yxSy

A2 Zero is not a successor of any number.

∀x ¬xS0

A3 Two different numbers cannot have the same successor.

∀x∀x′ ∀y
(
(xSy ∧x′Sy)→x = x′)

The following are preliminary attempts to express the idea that will finally be captured by
A4:

(1) If a number is not zero, it is a successor of some number.

∀x (x 6= 0→∃y ySx)
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(2) No number is a successor of itself.
∀x ¬xSx

(3) There is no circular successorship chain.

∀x ¬xSx

∀x∀x′ ¬(xSx′ ∧x′Sx)

∀x∀x′ ∀x′′ ¬(xSx′ ∧x′Sx′′ ∧x′′Sx)

. . .

(4) Every number is within the successorship chain that starts with zero.

∀x
(
x = 0∨

0Sx∨
∃y (0Sy ∧ ySx)∨

∃y ∃y′ (0Sy ∧ ySy′ ∧ y′Sx)∨
. . .

)
And now the final axiom in two versions:

A4 If a property is true of zero, and it descends from any number to its successor (it is
hereditary), then it is true of every number.
Second order version:

∀P
((
P0∧∀x∀y ((Px∧xSy)→Py)

)
→∀xP (x)

)
First order version:(

ϕ(0)∧∀x∀y ((ϕ(x)∧xSy)→ϕ(y))
)
→∀xϕ(x)

A5 Any two numbers have exactly one sum.

∀x ∀y ∃!z + (x, y, z)

A6 Adding zero to a number results in the original number.

∀x∀y ∀z
(
(0y ∧+(x, y, z))→x = z

)
A7 Adding the successor of a number x to the number y results in the successor of the

sum of x and y.

∀x∀y ∀y′ ∀z ∀z′
(
(ySy′ ∧+(x, y, z)∧+(x, y′, z′))→ zSz′

)
A8 Any two numbers have exactly one product.

∀x∀y ∃!z × (x, y, z)

A9 Multiplying a number by zero results in zero.

∀x × (x, 0, 0)

A10 Multiplying a number x by the successor of a number y results in the sum of the
product of x and y and x.

∀x∀y ∀y′ ∀z ∀z′
(
(ySy′ ∧×(x, y, z)∧×(x, y′, z′))→+(z, x, z′)

)
All this could be made much simpler if we had function symbols in our language.
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6 Function symbols in first order languages

Syntax

We use f , g etc. as function symbols (or operation symbols). Like in the case of predicates,
each function symbol has an arity. The definition of individual terms becomes a recursive
one:

(1) Variables are terms.

(2) Individual constants are terms.

(3) If f is an n-ary function symbol and t1, . . . , tn are terms, then f(t1, . . . , tn) is a term.

The rest of the syntax remains intact.

Semantics

The domain of the interpretation function % is now extended to the set of function symbols.
An n-ary function symbol f denotes an n-ary total function

fA : An −→ A;

that is, the domain of fA is the set of n-tuples each member of which is an element of the
domain A; and the range of %(f) is a subset of A.

Now we can redefine the values of individual terms in a recursive manner:

(1) If t is a variable, then |t|A,g = g(t).

(2) If t is an individual constant, then |t|A,g = tA.

(3) If t = f(t1, . . . , tn), then |t|A,g = fA(|t1|A,g, . . . , |tn|A,g

)
.

That is, we apply the n-ary function that f denotes to the values of f ’s arguments.

Isomorphism

The concept of isomorphism has to be updated as well, so that it involves the uniformity
of functions in models. The clauses regarding n-ary predicates and individual constants
remain intact. The additional clause regarding function symbols is as follows: If f is an
n-ary function symbol,

i(fA(u1, . . . , un)) = fB(i(u1), . . . , i(un)).

7 Peano arithmetic with function symbols

Language:

• 0 is an individual constant. The intended meaning of “0” is “zero”.

• s is a unary function symbol. The intended meaning of “sx” is “the successor of x”.

• + is a binary function symbol. The intended meaning of “x+y” is “the sum of x and
y”;

• × is a binary function symbol. The intended meaning of “x × y” is “the product of
x and y”;

6



Axioms

Axioms (A1), (A5) and (A8) are redundant in the new framework, since a function symbol
always denotes a total function. Some of the remaining axioms are significantly simpler
than in the previous version.

PA1 Zero is not the successor of any number. (Cf. A2)

∀x ¬ sx = 0

PA2 Different numbers have different successors. (Cf. A3)

∀x∀x′ (sx = sx→x = x′)

PA3 If a property is true of zero, and it descends from any number to its successor (it is
hereditary), then it is true of every number. (Cf. A4.)
PA32: Second order version:

∀P
((
P (0)∧∀x (P (x)→P (sx))

)
→∀xP (x)

)
PA31: First order version:(

ϕ(0)∧∀x (ϕ(x)→ϕ(sx))
)
→∀xϕ(x)

The second order version is an axiom of induction; the first order version a scheme
of induction.

PA4 Adding zero to a number results in the original number. (Cf. A6.)

∀xx + 0 = x

PA5 Adding the successor of a number x to the number y results in the successor of the
sum of x and y. (Cf. A7.)

∀x∀y x + sy = s(x + y)

PA6 Multiplying a number by zero results in zero. (Cf. A9.)

∀xx× 0 = 0

PA7 Multiplying a number x by the successor of a number y results in the sum of the
product of x and y and x. (Cf. A10.)

∀x∀y x× sy = (x× y) + x

Peano-Arithmetic (PA) is the first-order theory that consists of the axioms PA1, PA2,
PA4, PA5, PA6, PA7, and the axiom scheme PA31.

To test the expressive capacity of PA, let us define some familiar concepts of arithmetic:

Definition Numbers other than zero can be defined with the successor operation:

1 =
def

s0

2 =
def

s1

. . .

101 =
def

s100

. . .
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Definition A number x is less or equal than a number y iff there is a number z such that
y is the sum of x and z.

x ≤ y ⇐⇒
def
∃z y = x + z

Definition x is less than y iff x is less or equal than y, but x is not the same number as y.

x < y ⇐⇒
def

x ≤ y ∧x 6= y

Definition A number y is divisible by a number x iff there is a number z such that y is
the product of x and z.

x|y ⇐⇒
def
∃z y = x× z

Definition A number x is even iff x is divisible by 2.

E(x)⇐⇒
def

2|x

Definition A number x is odd iff it is the successor of an even number.

O(x)⇐⇒
def
∃y (Ey ∧x = sy)

Definition A number x is prime iff x is only divisible by one and itself.

PR(x)⇐⇒
def
∀y

(
y|x→(y = 1∨ y = x)

)
Definition The greatest common divisor of the numbers y and z is the greatest number

x such that both y and z are divisible by x.

x = GCD(y, z)⇐⇒
def

x|y ∧x|z ∧∀x′ ((x′|y ∧x′|z)→x′ ≤ x
)

Definition The numbers x and y are relative primes iff one is their only common divisor.

xRPy ⇐⇒
def
∀z

(
(z|x∧ z|y)→ z = 1)

)
Let us see some simple proofs in our theory.

Theorem 2× 2 = 4
Proof: We start with the left hand side of the equation, and after some steps we arrive
to the right hand side.

2× 2 =
def.

ss0× ss0 =
PA7

(ss0× s0) + ss0 =
PA7

((ss0× 0) + ss0) + ss0 =
PA6

(0 + ss0) + ss0 =
PA5

s(0 + ss0) + s0 =
PA5

ss(0 + ss0) + 0 =
PA4

ss(0 + ss0) =
PA5

sss(0 + s0) =
PA5

ssss(0 + 0) =
PA4

ssss0 =
def.

4

Note that we only used axioms (P4-P7).

Theorem Every number is either zero, or the successor of a number.

∀x (x = 0∨∃y x = sy)

Proof: The disjunctive property of being either zero or a successor is obviously true
of zero, and it descends from any number to its successor. So, we can apply the
induction scheme with the formula x = 0∨∃y x = sy as ϕ(x).
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Theorem Every number is either even or odd.

∀x (Ex∨Ox)

Proof: We use the induction scheme, choosing ϕ(x) as Ex∨Ox. The case ϕ(0) is
obvious, since by (PA6) 0 = 2× 0, hence 0 is even. Now let us assume n is eiher odd
or even, and consider sn. There are two cases. If n is even, then sn is the successor
of an even number, so by definition sn is odd. If x is odd, then it is the successor of
an even number: x = s(2× y). Now sx = ss(2× y), so by (PA7) and the definition of
2, sx = (2× y) + 2; and another application of (PA7) gives sx = 2× sy. Thus, sx is
even.

Theorem Adding any number to zero results in that number.

∀x 0 + x = x

Proof: We use the induction scheme, and let ϕ(x) be 0 +x = x. The particular axiom
that we use is (

0 + 0 = 0 + 0∧∀x (0 + x = x→ 0 + sx = sx)
)
→

∀x 0 + x = x

The theorem is the consequent; so we have to prove the two conjuncts in the an-
tecedent. Of these, 0 + 0 = 0 + 0 follows from (PA5), and 0 + sx = sx follows from
0 + x = x and (PA6).

Theorem Adding a number to the successor of another number results in the succcessor
of their products.

∀x∀y sy + x = s(y + x)

Proof: We use the induction scheme with ϕ(x) chosen as ∀y sy + x = s(y + x). The
case ϕ(0) is simple: by (PA4) sy + 0 = sy, and sy = s(y + 0). Now assume that
for some x, sy + x = s(y + x), and consider ϕ(sx). By (PA5) sy + sx = s(sy + x),
and by assumption s(sy + x) = ss(y + x). Another application of (PA5) gives that
ss(y + x) = s(y + sx), which we wanted to prove.

Theorem Addition is associative.

∀x∀y ∀z (y + z) + x = y + (z + x)

Proof: We use the induction scheme, and let ϕ(x) be ∀y ∀z (y + z) + x = y + (z + x).
The particular axiom that we use is(

∀y ∀z (y + z) + 0 = y + (z + 0)∧

∀x
(
∀y ∀z (y + z) + x = y + (z + x)→∀y ∀z (y + z) + sx = y + (z + sx)

))
→

∀x∀y ∀z (y + z) + x = y + (z + x)

Our theorem is the consequent; we have to prove the conjuncts in the antecedent are
true. Let y and z be given arbitrarily. Then on the one hand

(y + z) + 0 =
PA4

y + z =
PA4

y + (z + 0);

on the other hand if we suppose of some x that (y + z) + x = y + (z + x), then

(y + z) + sx =
PA5

s((y + z) + x) =
felt.

y + s(z + x) =
PA5

y + (z + sx) =
PA5

– and the proof is ready.
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Theorem Addition is commutative.

∀x ∀y x + y = y + x

Proof: Once again, we use the induction scheme, this time with ϕ(x) as ∀y x+y = y+x.
The case ϕ(0) is a consequence of (PA4) and the theorem 0 + x = x above. Let
us now assume that for some x, ∀y x + y = y + x; and consider ϕ(sx). By (PA5)
y + sx = s(y + x), and we proved above that sx+ y = s(x+ y; so ∀y sx+ y = y + sx
reduces to ∀y s(x + y) = s(y + x), which follows directly from our assumptions.

There is an endless number of further theorems to be proved in PA. The reader is
welcome to find and prove some of them, including the associativity and the commutativity
of multiplication, and the distributivity of multiplication over addition.

8 First-order arithmetic and categoricity

We show that no first-order theory Γ of arithmetic (that is, a set of axioms in the language
of PA) can be categorical. The argument uses a metatheorem of first-order logic which we
have not encountered yet, and which we accept without proving for the moment:

Compactness A first-order theory Γ is satisfiable iff every finite subset Γ′ ∈ Γ of it is
satisfiable.

Now, let Γ be any first-order theory of arithmetic. Let us extend the language with a new
individual constant a, and consider the following set Σ of formulas:

0 < a;

1 < a;

2 < a;

3 < a;

. . .

Now it is clear that if Γ is satisfiable, then every finite subset of Γ ∪ Σ is satisfiable, too.
So, by compactness, Γ ∪ Σ is satisfiable. Let

A = 〈A, 0A, sA,+A,×A, aA >|= Γ ∪ Σ.

In this model, aA is larger than any standard natural number; it cannot be reached from
0A by a finite iteration of the successor operation sA. Moreover, since aA is different from
aA, aA is a successor, and its predecessor is different from 0A, so it is a successor, too, and
so on; thus there is an infinite descending chain {u0, u1, . . . } of elements of U such that
u0 = aA, and for all n, sA(un+1) = un. This means that A is not well-ordered by the <
relation as defined above.
A is a model of natural numbers that differs significantly from the intended one. Such

models are called nonstandard models; and those elements of their domain from which an
infinite descending chain starts are called nonstandard numbers. We have shown that for
any satisfiable first order theory Γ of natural numbers, there is a nonstandard model, which
is not isomorphic to the standard one. Thus, Γ is not categorical.
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