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1 Introduction

De�nite descriptions (or shortly: descriptions) are logically complex singular (that is, indi-
vidual) terms. They are complex in the sense that they contain predicates and sometimes
even quanti�cation. However, they are individual terms both in the sense that they are
subject to predication, and that their intended references are individuals. In ordinary En-
glish de�nite descriptions often involve the de�nite article combined with a singular noun
phrase:

(1) the president of France

(2) the smallest prime number

The examples illustrate that descriptions may occur both in ordinary and technical con-
texts. Both of them can be used in propositions by using them as arguments of predicates:

(1a) The president of France is a philosopher.

(2a) The smallest prime number is a divisor of 10.

(2b) 2 is the smallest prime number.

All of these propositions can be used in arguments; eg.:

(1b) Philosophers are smart.
The president of France is a philosopher.
All presidents are politicians.
Therefore: There are smart politicians.

The information packed in description (2) is essential to the validity of this argument. A
logical analysis of the argument has to take this information into account.

This argument shows that, unlike proper names, descriptions don't denote by conven-
tion. The denotation of description (2) depends on the results of the last election; and so
does the truth value of (1a). Had the results of that election been di�erent, the president
would be someone else. Maybe not even a philosopher.
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One important feature of de�nite descriptions is that they come along with two condi-
tions: The �rst is a condition of existence:

(1e) There is at least one present prime minister of France.

(2e) There is at least one smallest prime number.

The second is a condition of uniqueness:

(1u) There is at most one present prime minister of France.

(2u) There is at most one smallest prime number.

Sometimes the existence condition is not satis�ed:

(3) the present king of France

(4) the largest prime number

Example (3) is due to Bertrand Russell. Since France is a republic (just as it was in 1905,
when Russell �rst used this example), (3) fails to denote an individual. Similarly, since there
is no largest prime number (Euclid provided us with a beautiful proof of this arithmetic
fact), (4) doesn't denote an individual either. This phenomenon leads to the philosophical
problem of talking about nonexisting entities, which we will discuss in the next session,
and which is crucial to any logical account of descriptions.

In other cases it is the uniqueness condition that is not satis�ed:

(5) the corrupt Hungarian politician

(6) the prime number between 10 and 15

Since both 11 and 13 are prime numbers between 10 and 15, the uniqueness condition fails
in the case of (6). Checking the case of (5) is left to the reader as an exercise.

Knowing that both the existence and the uniqueness conditions are satis�ed is the best
we can hope for in many cases:

(7) the person who stole my wallet

(8) the 2100th digit in the decimal expansion of π

In the �rst case, imagine a situation in which all that I know is that someone stole my
wallet, but I'm not not acquinted with the individual that did it. As for the second, we
know for sure that for each natural number n, there is exactly one decimal digit d such
that d is the nth digit in the decimal expansion of π; but at the time of writing this note,
it is not known which of the ten possible digits {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} it is. (Bertrand
Russell calls this epistemic situation knowledge by description, as opposed to knowledge by

acquintance.)
In some other cases the status of some of the conditions is uncertain:

(9) the �rst alien that landed on Earth

(10) the largest pair of twin primes

It may well be the case that no alien has ever landed on Earth, so the existence condition
is not satis�ed. It may also well be the case that the �rst alien landing has already taken
place, but it had several participants. And �nally we can't rule out the possibility that the
�rst landing was carried out by a single alien pioneer. As for the twin primes, at the time
of writing this note it is unknown whether the existence condition holds; this is, in fact,
one of the great unsolved problems of number theory.

Any logical account of descriptions will have to take a stand regarding the status of these
two conditions. We will discuss two main positions. The Russellian approach takes existence
and uniqueness donditions as parts of the propositions that we make with descriptions. In
Russell's account, (1a) above is equivalent with the following:
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(1c) There is exactly one present prime minister of France, and this individual is a philoso-
pher.

We will discuss this line of analysis in detail in section 3. In the Fregean account, on the
other hand, these conditions are taken to be presuppositions for using a de�nite descrip-
tion, at least in some contexts. An utterance of (1a) will be unsuccessful if France has no
president; but it doesn't make it equivalent with (1c), because (1e) and (1u) are not parts
of the claim (1a) makes. We will discuss this view in detail in section 4.

Finally, any account of descriptions has to deal with two further phenomena. The �rst
is the existence of open descriptions; descriptions in which the existence and the uniqueness
conditions are open sentences. Two examples:

(11) her best friend

(12) the greatest proper divisor of x

The denotation of an open description depends on the denotation of its free pronouns;
or, in a formal context, the values of its free variables. Thus, open descriptions represent
functions.

The second phenomenon to deal with is the possibility of embedding descriptions into
other descriptions, which can be iterated without limitation:

(13) the thief's wife's lover

(14) the 2100th decimal digit of the decimal expansion of the ratio of the circumference of
a circle to its diameter

Description (13) (which alludes to a Peter Greenaway movie) includes the embedded de-
scription �the thief's wife�, which in turn includes the embedded description �the thief�. As
for (14), it includes the embedded description �the decimal expansion of the ratio of the
circumference of a circle to its diameter�, which in turn contains �the circumference of a
circle to its diameter�; and �nally, this contains the open descriptions �the circumference
of circle x�, and �the diameter of circle x�.

In sections 3 and 4, we will see how Russell's and Frege's approaches handle open and
embedded descriptions.

2 The semantics of not-being

Ever since Parmenides' poem and Plato's Sophist, the puzzle of making propositions about
nonexisting individuals has been notoriously resistant to common sense solutions. One way
to present the puzzle comes in two parts:

One. One cannot truly claim the nonexistence of a nonexisting individual. Condider the
sentence

(4a) The largest prime number doesn't exist.

If the description (4) successfully refers to an individual, then it makes a false claim;
otherwise it fails to make a claim, because it doesn't talk about anything. The claim is
either false or nonsensical; truth is not an option.

Two. Claiming anything other than its nonexistence about a nonexisting individual
leads to a contradiction, too. Condider the following pair of propositions.

(3a) The present king of France is bald.

(3b) The present king of France is not bald.
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One possible position to take regarding the baldness of the king is that since nonexisting
things have no properties, (3a) is false; which makes its negation, (3b) true. But being
hairy is just as much of a property as being bold; so by the same token, (3b) would be
false, and (3a) true. If you take a more liberal position that anything predicated about a
nonexisting individual is vacuously true, then you �nd yourself in the same contradiction.
It seems that whatever your position is regarding the truth or falsity of predication about
a nonexisting individual, it will hurt the law of non-contradiction.

Modern logic o�ers analytical tools that might help us dismissing this twofold puzzle. As
for the �rst part, modern logic o�ers other tools than predication to express existence; it is
the existential quanti�er. Using existential quanti�cation to express existence results in an
analysis of (4a) which reveals that, contrary to its phrasing, it is not a singular proposition
about a nonexisting individual, but a general proposition about all the existing ones. This
analysis is by no means the only possible way to go; but it is one that solves the problem
quickly.

Bertrand Russell extended this analysis to every singular proposition with de�nite de-
scriptions. In his view, there are tacit quanti�ers in (3a) and (3b); and, in the light of
logical analysis, they are not the negations of each other. Thus, the fact that both are false
doean't violate the law of non-contradiction.

The Fregean approach provides us with a di�erent logical analysis of (3a) and (3b).
According to that, these sentences are in fact the negations of each other; but none of them
has a truth value. Thus, the law of non-contradiction is not violated; no proposition is true
and false at the same time. But the law of excluded middle is, at least in its strong form
that every proposition has to be either true or false. (There is a weaker version of the law
of excluded middle, claiming that there is no third truth value, but allowing for a lack of
truth value. This version is not violated by the Fregean analysis.)

Let us now see the Russellian and the Fregean analyses in detail.

3 The Russellian Approach

In Russellian analysis existence and uniqueness criteria are included in every proposition
we make with de�nite descriptions. Thus, (1a) is in fact a complex proposition, having
three parts:

(1ai) France has at least one president;

(1aii) France has at most one president;

(1aiii) this person is a philosopher.

These three parts can be expressedin standard First-order logic; in fact, they can be put
in a single formula as follows:

(1ar) ∃x
(
president_of_France(x)∧∀x′ ∀x′′

(
(president_of_France(x′)∧

president_of_France(x′′))→x′ = x′′
)
∧ philosopher(x)

)
Note that the formula does not have separate parts; the variable x introduced in the
existence condition is reused towards the end. Also, note that the formula has no syntactic
part that stands for the description (1). Russell's analysis doesn't translate descriptions
themselves into expressions of �rst-order logic; instead, it translates the propositions they
occur in. In other word, the translation is not compositional. (However, it can be made
compositional using higher-order logical tools.)

The translation can be further simpli�ed. First, note that the variable x′ is super�uous:

(1ar′) ∃x
(
president_of_France(x)∧¬∃x′ (president_of_France(x′)∧

x′ 6= x)∧ philosopher(x)
)
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Second, note that the existence and the uniqueness conditions can be compressed into a
single biconditional clause:

(1ar′′) ∃x
(
∀x′ (president_of_France(x′)↔x′ = x)∧ philosopher(x)

)
This line of analysis o�ers an impressive solution to the second part of the problem

discussed in section 2. Consider the Russellian analyses of (3a) and (3b):

(3ar) ∃x
(
∀x′ (present_king_of_France(x′)↔x′ = x)∧ bald(x)

)
(3br) ∃x

(
∀x′ (present_king_of_France(x′)↔x′ = x)∧¬ bald(x)

)
The fact that the existence condition is not satis�ed makes both of these formulas false.
This doesn't violate the law of non-contradiction, since the two formulas are not negations
of each other.

In the Russellian approach existence claims have to be handled as an exception. If we
follow the above recipe, the best candidate for a logical translation of (4a), �The largest
prime number doesn't exist�, will be as follows (for the sake of simplicity, let us omit the
analysis of the arithmetic content):

(4ar*) ∃x
(
∀x′ (largest_prime(x′)↔x′ = x)∧¬∃y y = x

)
But this formula is a logical contradiction, unlike the original claim. Of course, once we real-
ize that the proposition merely negates the existence condition attached to the description,
we can come up with a simple translation:

(4ar) ¬∃x largest_prime(x)

Let us now see how the Russellian approach handles open and embedded descriptions.
As for the �rst, consider the following proposition and its Russellian translation:

(11a) A girl was texting with her best friend.

(11ar) ∃x
(
girl(x)∧∃y (∀y′ (best friend(y′, x)↔ y′ = y)∧ texting(x, y)

)
As for embedded descriptions, consider the following proposition and its translation:

(13a) The thief's wife's lover was served to the thief.

(13ar) ∃x
(
∀x′ (thief(x′)↔x′ = x∧∃y

(
∀y′ (wife(y′, x)↔ y′ = y ∧

∃z (∀z′ (lover(z′, y)↔ z′ = z ∧ served(z, x))
))

The formula may look complicated, but in fact it is already a simpli�ed version. While
the English original doubles the description �the thief�, the translation applies Russell's
recipe only once, and simply uses the variable x for the second occurrence. Anyway, these
examples show, that Russell's approach can be successfully applied to open and embedded
descriptions, too.

4 The Fregean Approach

Russell's approach handles de�nite descriptions with the toolset of standard �rst-order
logic. The price for this is that descriptions are not translated into logic as singular terms.
In the Fregean approach we make the opposite strategic decisions; we enrich �rst-order logic
with a special logical operator that will model the de�nite article of ordinary landuages
(when pre�xed to a singular noun phrase) in that it will convert open formulas into singular
terms. We will call it descriptor, and use the smallcase letter iota of the Greek alphabet.
The operator's syntactic behavior is similar to those of the quanti�ers, with the exception
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that its syntactic output is a singular term. If x is a variable and ϕ is an arbitrary formula
(which in all useful cases has at least one free occurrence of x), then

ιxϕ

is a term. This term can then be used in atomic formulas, like

ιxϕ = y

or
P (ιxϕ)

etc. The intended denotation of this term is the single individual that satis�es ϕ; and the
above atomic formulas make claims about that individual.

Let us now see how the new operator helps us analyzing the examples introduced in he
previous sections. We start with (1), which has a straightforward logical translation:

(1f) ιx president_of_France(x)

This makes the translation of (1a) pretty simple:

(1af) philosopher(ιx president_of_France(x))

Unlike in the Russellian case, the translation is compositional; the term that translates
the description is a syntactic part of the formula that translates the whole sentence. Fur-
thermore, note that a singular proposition is translated by a singlar formula. Apparently
the Fregean approach respects the grammatical structures of ordinary language expressions
better than the Russellian.

But this comes at a price. If either the existence or the uniqueness condition are not
satis�ed, the translating term lacks reference; and the absence of a semantic value will be
inherited by the atomic formulas that contain it. Let us see this in examples (3), (3a), and
(3b).

(3f) ιx present_king_of_France(x)

(3af) bold(ιx present_king_of_France(x))

(3bf) ¬ bold(ιx present_king_of_France(x))

Note that, unlike in the Russellian approach, (3bf) is the negation of (3af). Still, the law
of non-contradiction is not violated. Since (3f) lacks reference, both (3af) and (3bf) lack
truth value. It is in accordance with common sense that if a formula lacks truth value, so
does its negation.

Let us now see how the Fregean approach treats open and embedded descriptions. The
Fregean translations of (11), (11a), (13), and (13a) are, respectively:

(11f) ιy best_friend(x, y)

(11af) ∃x
(
girl(x)∧ texting(x, ιy best_friend(x, y))

)
(13f) ιz lover(z, ιy wife(y, ιx thief(x)))

(13af) served(ιz lover(z, ιy wife(y, ιx thief(x))), ιx thief(x))

Please note how simple and transparent these translations are compared to the Russel-
lian ones, in spite of the fact that in this case we didn't have a chance to unify the two
occurrences of `the thief', as we did in (13ar).

Let us now introduce the descriptor formally into the syntax and semantics of �rst-
order logic. It comes along with major revisions. First of all, the de�nition of terms will not
precede that of formulas anymore; the two will be simultaneous. However, the only new
syntactic clause will be:
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(T3) If x is a variable and ϕ is a formula, then ιxϕ is a term.

The corresponding semantic de�nition is partial. To avoid partial functions in semantics,
we introduce the semantic value Θ to represent the lack of semantic value. (We cannot use
the A |=g ϕ notation, so we will denote ϕ's truth value by |ϕ|gA.)

|ιxϕ|gA =

{
a if a is the unique individual such that |ϕ|g[x:a]A = t;
Θ if there is no such individual, or there are more than one.

Now we can turn to the truth de�nition of atomic formulas:

|P (t1, . . . , tn)|gA =

 t if |ti|gA 6= Θ for all 1 ≤ i ≤ n and 〈|t1|gA, . . . , |tn|
g
A〉 ∈ PA;

f if |ti|gA 6= Θ for all 1 ≤ i ≤ n and 〈|t1|gA, . . . , |tn|
g
A〉 /∈ PA;

Θ if |ti|gA 6= Θ for some 1 ≤ i ≤ n.

|t1 = t2|gA =

 t if |t1|gA 6= Θ, |t2|gA 6= Θ, and |t1|gA = |t2|gA;
f if |t1|gA 6= Θ, |t2|gA 6= Θ, and |t1|gA 6= |t2|

g
A;

Θ if |ti|gA 6= Θ for some 1 ≤ i ≤ n.

These rules are pretty restrictive; they don't allow for nonexisting things to have properties
or enter into relations, or even being identical with each other. Other, less restrictive rules
are also possible, depending on one's metaphysical views. The rest of the truth de�nitions
are similarly complicated; there are more than one options for each of the logical symbols,
resulting in many possible semantics. We don't go down any of these roads here.
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