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The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: aims and basic principles

1884 � Grundlagen der Arithmetik (Foundations of Arithmetics)
Philosophical program:

There are absolute and eternal truths.

Anti-empiricism, anti-historicism

�Anti-psychologism�

Basic principles (Introduction):

1 Subjective and objective, psychological and logical should
be distinguished.

2 Never ask for the meaning of a word in isolation, but only
in the context of sentences.

3 Never forget about the distinction between concept and
object.

(Concept is the semantical value of a unary predicate)

András Máté mat�l 30. Sept.



The Grundlagen: Critical part

Critical analysis: what numbers are not � they are neither
physical nor mental.

Most important target of the criticism: the Euclidian de�nitions
of unit and number.

Elements Book VII., de�nitions:

1. Unit is (that) according to which each existing (thing) is
said (to be) one.

2. And a number (is) a multitude composed of units.

Frege's question: Are the units distinguishable or not?
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The Grundlagen: lessons from the critical analysis

Two fundamental results of the critical analysis:

1. Cardinality propositions (like `I have two hands' , `The
number of the apostles was twelve' are about `concepts'
[predicate extensions]. The expressions `there are two',`there are
twelve' and the like denote concepts of second grade [they are
second order predicates] � as well as the expressions `there are'
or `there exists'.

These second-grade concepts [numerical quanti�ers] can be
de�ned in a simple way [within �rst-order logic].

But from this sequence of de�nitions, no answer follows to the
question `Is Julius Caesar a number?'.
(We didn't de�ne numbers as objects. Julius Caesar problem.)

2. (Hume's principle:) Two concepts have the same cardinality
i� there is a one-to-one mapping between the objects falling
under them.
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Hume's principle: an abstraction principle

Let Nx : F (x) denote the number belonging to the concept F
(to the extension of the predicate F ), or the number of the F -s.
[1− 1](f) should mean that the function f is a one-to-one
correspondence.
Hume's principle formalized:

(Nx : F (x) = Nx : G(x)) ↔
∃b([1− 1](b) ∧ ∀x(F (x) → G(b(x))) ∧

∀y(G(y) → ∃x(F (x) ∧ b(x) = y)))

Traditional theory of abstraction: Abstraction is a psychological
process: we disregard the di�erences between some objects and
on that way we get their common property. (A main target of
Frege's ironical criticism in the Grundlagen.)

Could we get to the number 2 by considering two cats and
disregarding their individual properties?
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Fregean abstraction

Fregean abstraction: We have an equivalence relation between
some (concrete) objects and we can say that the equivalent
objects have the common property.

Moreover, we can introduce abstract objects on this way. We
render the same abstract object to equivalent objects and
di�erent abstract objects to non-equivalent objects. An
abstraction principle is the proposition saying that the same
abstract object belongs to two concrete objects i� they are
equivalent.

Frege's example is the introduction of directions on the plane by
the relation of parallelism: Two straight lines have the same
direction i� they are parallel to each other.
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Fregean abstraction, continued

If we have set theory, then we can use the equivalence classes
generated by the equivalence relation as abstract objects (e.g.
directions on the plane are the equivalence classes of straight
lines for parallelism). But this is not necessary.

Even the sets can be introduced by abstraction on this way: two
open sentences have the same set as their extension i� they are
true for just the same objects (unlimited comprehension).

We could proceed either on the way that we introduce natural
numbers by Hume's principle (this is neo-Fregeanism) or (as
Frege did) introduce value ranges by an evident-looking
abstraction principle (axiom V. of the Basic Laws of

Arithmetics) and deduce Hume's principle from it.

Unlimited comprehension, axiom V., Hume's principle and the
de�nition of direction via parallelism are all abstraction
principles. The di�erence between them is only that the �rst
two are both inconsistent while the third and the fourth are not.
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Frege's Grundlagen de�nition of numbers

`Having the same cardinality' (equinumerosity, Equinum) is an
equivalence relation between concepts, de�ned by the right side
of Hume's principle:

Equinum(F,G) ↔def

∃b([1− 1](b) ∧ ∀x(F (x) → G(b(x))) ∧
∀y(G(y) → ∃x(F (x) ∧ b(x) = y)))

Then let us identify numbers with (by and far) the equivalence
classes of concept(extension)s for this equivalence relation. Let
x̆H(x) the extension of the concept H. The de�nition of the
number belonging to the concept F :

Nx : F (x) =def Ğ(Equinum(F,G))

Equinum(F,G) is a concept of second grade (with �xed F and
variable G)
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Numbers, natural (�nite) numbers

Num(n) ↔def ∃F (Nx : F (x) = n)

This is the answer to the Julius Caesar-problem. But it includes
in�nite numbers, too.

0 =def Nx : (x ̸= x)

ISucc(m,n) ↔def

∃F∃y(Nx : F (x) = n ∧ F (y) ∧Nx : (F (x) ∧ x ̸= y) = m)

1 =def Nx : (x = 0)

ISucc(0, 1)

m < n ↔def Isucc∗(m,n)
See last week's slides about R∗.

m ≤ n ↔def m = n ∨m < n

NNum(n) ↔def 0 ≤ n
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Theorems; `Frege's theorem'

Frege numbers: the extension of the predicate NNum with the
immediate successor-relation Isucc.

NNum(n) → ¬ISucc(n, n)
If a predicate extension has an one-to-one mapping onto a
proper part of it (i.e., it is Dedekind-in�nite), then its number is
an immediate successor of itself.

n = Nx : (x < n) I.e., Frege's natural numbers are rather
similar to the �nite von Neumann ordinals.

`Frege's theorem': The Frege-numbers satisfy the axioms of
primitive Peano-arithmetics. I.e., 0 is not an immediate
successor, ISucc is one-to-one and mathematical induction
holds.
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