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Introducion
• in the first part of his letter, Cantor deals with the same
contradiction as Burali-Forti about the multiplicity of all ordinals
• this problem leads Cantor to abandon the sethood of the
multiplicity: multiplicities become divided into "consistent" and
"inconsistent" multiplicities (this distinction had already been
introduced by Schröder in 1890), the former alone being called sets
(as a predecessor of the distinction between sets and classes by von
Neumann in 1925)
• however, Cantor’s formulation of the distinction between
consistent and inconsistent multiplicities is imprecise: a multiplicity
is a set if we can consider it, without contradiction, as one object



Basic Definitions
• consistent multiplicity: "a system, a totality of things" = set
• N = {0, 1, 2, ...}
• cardinal numbers: used to measure the cardinality (size) of sets,
which means that the cardinality of a finite set is always a natural
number e.g. define the set H = {∅, {∅}, {∅, {∅}}}; |H| = 3
Cantor also uses the notion of transfinite cardinal numbers, which
are the sizes of infinite sets, e.g. |N| = ℵ0
• transfinite numbers: numbers, that are "infinite", e.g. ℵ0, ℵ1, ℵ2
etc., where ℵn = 2ℵn−1 , and n is an ordinal number
there is a transfinite sequence of cardinal numbers:
0, 1, 2, 3, ..., n, ...; ℵ0, ℵ1, ℵ2, ...
• ordinal numbers: used to describe a way to arrange a collection of
objects in order, one after another, so these are the "labels" needed
to arrange collection of objects in order



Continuum Problem, Cantor’s Distinction
• "The big question was whether, besides the alephs, there will still
other cardinalities of sets; for two years now I have been in
possession of a proof that there are no others..."
• note that this is a formulation of the continuum problem
• the particular version of the problem is about ℵ0 and ℵ1: are
there any other cardinalities between these two?
• it seems that Cantor aims to solve the generalized version of the
continuum problem, to all aleph numbers



Cantor’s Distinction, and Further Definitions I.
• after Cantor presented the problem, he introduces his distinction
between consistent multiplicities (i.e. sets) and inconsistent (or
absolutely infinite) multiplicities
e.g. the "totality of everything thinkable" is such an inconsistent set
• two equivalent multiplicities either are both sets or are both
inconsistent
• every submultiplicity of a set is a set
• whenever we have a set of sets, the elements of these sets again
form a set
• a multiplicity is simply ordered iff "these exist a rank order s.t.,
for any two of its elements, one is the earlier and the other the
later, and that, for any three of its elements, one is the earliest,
another is the middle one, and the remaining one is the last"
• similarity : "two simply ordered multiplicities are similar if they
can be brought into a one-to-one relation such that the rank order
of corresponding elements is the same in both"



Cantor’s Distinction, and Further Definitions II.
• well-ordered multiplicity : every submultiplicity of it has a first
element
• sequence: a well-ordered multiplicity. every part of a sequence is
a sequence
• from now on, when Cantor talks about numbers he means ordinal
numbers (types of well-ordered sets)
• let’s consider the system of all numbers, denoted by Ω
Ω is a simply ordered system, because of two distinct numbers α
and β, one is always the smaller, the other the greater, and that, if
for three numbers, we have a α < β and β < γ, we also have a
α < γ
Ω is also well-ordered, because every subset of it contains a least
element, hence Ω forms a sequence
• now, add the element 0 to Ω, to obtain a sequence Ω’:
0, 1, 2, 3, ..., ω0, ω0 + 1, ..., γ, ...



Inconsistency of Ω
• Ω’ cannot be a consistent multiplicity (and therefore neither can
Ω):
if Ω’ were consistent, then, since its a well-ordered set, there would
correspond to it a number δ greater than all numbers of the system
Ω;
but the number δ also occurs in the system Ω, because the system
contains all numbers;
δ would thus be greater than δ, which is a contradiction.



Theorem A, I.
• "The system Ω of all numbers is an inconsistent, absolutely
infinite multiplicity."
to every number γ there corresponds a definite cardinal number
ℵ(γ) = γ̄, which is the cardinal number of any well-ordered set
whose type is γ
the system of all alephs is denoted by ת!
• number class: the system of all numbers γ corresponding to one
and the same cardinal number c, more specifically Z(c)
every number class is a definite segment of the sequence Ω
• Let ω0 be the least transfinite number (ℵ0), so that:
ℵ0 = ω0
• ℵ0 is the least ordered aleph, determining the number class:
Z(ℵ0) = Ω0
• the numbers α of Z(ℵ0) satisfy the condition
ω0 5 α < ω1
and are characterized by it. (ω1 here is the least transfinite number
whose cardinal number 6= ℵ0)



Theorem A, II.
• if we put
ω̄1 = ℵ1
then ℵ1 is not only distinct from ℵ0, but it’s also the next greater
aleph
• thus we obtain the number class Ω1 = Z (ℵ1), which immediately
follows Ω0.
• we can repeat the same method to obtain ℵ2,ℵ3 and so on... but
note one important thing:

¯̄Ω0 = ℵ1,
¯̄Ω1 = ℵ2, ...,

¯̄Ωn = ℵn+1,∑
n′=0,1,2,...,n

ℵn′=ℵn

• among the transfinite numbers of the system Ω to which no ℵn
(with finite n) corresponds as a cardinal number, there is again a
least (ωω0), obtaining a new aleph: ℵω0, which we recognize as the
next greater cardinal number after all the ℵn



Theorem B
• "The system ת! of all alephs, when ordered according to
magnitude,
ℵ0,ℵ1, ...,ℵω0,ℵω0+1, ...,ℵω1, ...,
forms a sequence that is similar to the system Ω and therefore
likewise inconsistent, or absolutely infinite."
• now the question arises: all the transfinite cardinal numbers are
contained in ?ת!
according to cantor, yes, because of the inconsistency of the
systems Ω and ת!



Theorem B, Proof
• if we take a definite multiplicity V and assume that no aleph
corresponds to it as its cardinal number, we conclude that V must
be inconsistent
• on the assumption made, the whole system Ω is projectible into
the multiplicity V , that is, there must exist a submultiplicity V ′ of
V that is equivalent to the system Ω
• V ′ is inconsistent because Ω is, and the same must be asserted
of V
• accordingly, every transfinite consistent multiplicity (transfinite
set) must have a definitive aleph as its cardinal number
• note that Cantor’s proof in wrong, because it has not been
proved that the entire number sequence Ω would necessarily be
"projectable" into every multiplicity V that has no aleph as its
cardinal number!



Theorem C
• "The system ת! of all alephs is nothing but the system of all
transfinite cardinal numbers."
• this claim also justifies the theorem:
If a and b are arbitrary cardinal numbers, then a = b, or a < b or
b < a



Thank you for your attention!


