András Máté:

Kalmár and Péter on the Philosophy and Education of Mathematics

I’ve promised the organizers of this conference a lecture with this title. I must say that I’ll speak mainly about only one of the four possibilities: Kalmár and philosophy. My reasons are that 

1) The activities of Péter and Kalmár in philosophical questions have different extensions: Péter made some nice and interesting remarks on philosophy of mathematics, mainly in her popularising book Playing with Infinity (London 1961, New York 1962  (orig. Játék a végtelennel, Budapest, 8th ed. 2004. [written in 1943]).; but Kalmár expounded his philosophical ideas in numerous articles, conference papers, passages in his lecture notes etc. Let me enumerate the two most important of them: his paper “Development of exactness in mathematics from the intuition to the axiomatic method” ((in Hungarian, first published in 1942, reprinted in the volume Letter on the Integral, ed A. Varga, Budapest, 1986); hereafter: „Development of Exactness”), and his lecture on a colloquium in London 1965 “Foundations of mathematics – whither now?” (in: I. Lakatos (ed.): Problems in the Philosophy of Mathematics,  Amsterdam, 1967; hereafter: „Whither Now?”
2) I had an access to many of Kalmár’s relevant and interesting letters and manuscripts in the University library of Szeged (I owe thanks for that to Péter Szabó, lecturer in the Kalmár Institute in Szeged), while Rózsa Péter’s legacy is not so easily accessible yet.

3) Education: I should give a reason why I included this topic at all although I’m not an expert in educational questions. Now I have an interest in the mathematical culture of 20th century Hungary and the way of thinking about mathematics (if you want: the philosophy of mathematics) in this culture. I think that the problem of proper education of mathematics has a central role in this culture and this central role for education is a characteristic feature in the writings of Kalmár and Péter as well. I shall speak about education in this connection only and far less than that the subject would deserve, because of the poverty of the sources and the limits of my competence. 

Let me make a remark about the method and aim of my investigations. I don’t follow the usual way of philosophers, I don’t want to to reconstruct something like Kalmár’s or Péter’s or the Hungarian mathematicians philosophy of mathematics as a systematic theory. Kalmár made an attempt to formulate a complete dialectical materialist philosophy of mathematics in his lecture notes about the foundations of mathematics. (They were noted after his lectures read in the fifties and sixties.) But they are not the best he has written about philosophical questions. We can read there some of his brilliant ideas that he expounded earlier and later as well, but some passages that are better to forget about, too. It is better to study the nice ideas in themselves than to fill out the gaps between them on some dubious way. So I think the best aim for such an investigation is to dig out lessons for the philosopher from Péter’s and Kalmár’s writings. However, I’ll put them in some historical context and comment them on the basis of my own views, too. 

As the historical context is concerned, I’d like to introduce a third person (I suppose Kalmár and Péter don’t need any introduction). The name of this person is Imre Lakatos, he lived from 1922 to 1974, and he was one of the most influential philosophers of science and mathematics after his emigration in 1956. But before his emigration, in the forties he studied mathematics in Debrecen, East Hungary and in Budapest, and in the fifties, between his imprisonment and emigration he belonged two years long to the Mathematical Research Institute of the Hungarian Academy of Science (today it is called Rényi Institute). I think the very roots of his philosophy of mathematics are in the Hungarian way of thinking about mathematics. He was immediately influenced by three persons belonging in some way to the mathematical culture of Hungary. George Pólya spent all his active life from the 1910’s abroad, but he kept his contacts with Hungary all the time and his works on heuristic and education influenced greatly mathematics curriculum reforms in Hungary. His book How to solve it? was translated into Hungarian by Lakatos before his emigration and the translation was revised and firstly published in 1957 by Tamás Varga, the leading figure of Hungarian curriculum reforms. Árpád Szabó, professor of Lakatos in Debrecen and then his lifelong friend, was not a mathematician but a classics scholar. However, he became a historian of mathematics and his works on that area were influenced by and had an influence to several Hungarian mathematicians including Rényi and Kalmár. I have a paper in print about his contact with Lakatos and the philosophical significance of his work. (•András Máté, „Árpád Szabó and Imre Lakatos, or the relation between history and philosophy of mathematics.” 
Perspectives on Science, forthcoming.) And last but not least, Kalmár. Lakatos attended Kalmár’s seminar on the foundations of mathematics in the Rényi Institute. Later, in the sixties they’ve had a vivid correspondence and Lakatos invited Kalmár to London more than one times. The letters and Kalmár’s papers read on the occasion of these visits are important documents concerning Kalmár’s ideas (Kalmár’s “Whither now” paper belongs to them). The first approach to this connection – looking on it from the side of Lakatos – was made by Dezső Gurka. (Dezső Gurka, „A Missing Link: The Influence of László Kalmár’s Empirical View on Lakatos’ Philosophy of Mathematics.”Perspectives on Science, forthcoming.) 
Almost all of the basic ideas of Kalmár concerning the philosophy of mathematics can be read already in the “Development of exactness”-paper. Let me enumerate the most important ones of them. He begins his thoughts – as he does it always later – with the refutation of the common view that mathematical truth is over any doubt and mathematics is infallible. The exactness and reliability of mathematics is a result of a long development and it is not absolute; the development may continue. Basic mathematical (e. g. geometrical) concepts come from intuition and experience; by abstraction and concretisation of the intuitive concepts we can arrive to many mathematical discoveries. Why to leave this stage where “mathematics displays its clearest and most beautiful side”, as Kalmár writes? He has a rather surprising answer that resembles to Árpád Szabó’s views about the beginnings of Greek axiomatics which Szabó has expounded two decades later. The answer is this: because we want to convince other people about our discoveries. Demonstration is not the way to arrive at the discovery; it is the way to convince somebody else about its correctness. We can base our demonstration on our common notions with the other (koinai ennoiai, “common notions” is Euclid’s expression for axioms) and on postulates (in Greek: aitemata, demanded propositions) that are necessary to be accepted by the other in order to be the demonstration possible. This is the level of intuitive axiomatics, where we set out from axioms and postulates now, but the concepts occurring in them are based on intuition. The next level is that of the abstract axiomatic theories, where the basic concepts are dissolved from intuition and this step opens a way to generalization in the sense that it makes possible different interpretations of them. The old example: group theory is not about some intuitively given concept of group membership but about any structure that satisfies the group axioms. But the concept of group is abstracted from intuitively given (arithmetical, geometrical) structures that have the properties demanded by group axioms. On this level, the basic concepts are characterized purely by the axioms and have no more content than the axioms can give them, their original intuitive content went lost – this is the price we must pay for the advantages of abstraction and generalization. “In principle, we can go a step further in dissolving us from intuition”, writes Kalmár, we can substitute our concepts with empty signs and regard them just as tools to define the strings of signs that are the “theorems” of our theory. But this level exists in principle only: to work within a formalized axiomatic theory would be just a game and no mathematics. The possibility of the reproduction of mathematical theories as pure formal systems has another significance: it serves the aims of proof theory. We use formalization just as a tool to investigate the theories themselves; therefore, it is not a new level of exactness. Proof theory is an abstract, but not a formalized theory, like most of the theories of modern mathematics; its objects are the formalized theories. However, Kalmár distinguishes one more level of exactness that arises from foundational research and this is the construction of models for our theories within arithmetic or within some other simple and reliable theory. This is the highest level of exactness mathematics has arrived to until now (i. e., in the early forties); but we have no reason to believe that this is the end of the history forever. However, Kalmár says, the development of exactness has its price at every step of the process in a loss of intuitivity and clarity. And he closes his thoughts with some consequences for the education of mathematics. In the education we must never forget about the intuitive foundations of the concepts we teach, because otherways we make mathematics incomprehensible, in spite of all the formal accuracy. If we speak about continuous functions, we mustn’t hide the fact that the abstract concept of continuity in modern analysis arises from the intuitive concept of functions representable by certain curves. The Cauchy-Weierstrassian concept of continuity is wider than that intuitive concept by good reasons; but it is better to show the differences and their reasons than to hide the intuitive concept.

It is characteristic for the philosophical writings of Kalmár that they begin with the fallibility of mathematics and conclude to morals concerning the education of mathematics. His most repeated point on education is the importance of intuitive clarity. We find this motif at Péter, too, but there is another Leitmotiv which is perhaps even more important in her Playing with Infinity. This book as a whole serves an educational aim: to explain mathematics for people who confess themselves deaf to mathematics, to convince them that mathematics is comprehensible and even beautiful. On the beginning of the way to this end are not theorems of mathematics but questions. How and why is it possible that we can describe all the infinitely many natural numbers with ten figures? Is it necessary that we need just ten figures or there are other possibilities, too? The author who tells us about mathematics in the book calls us to find the answer together. She can’t follow this method of common discovery all the time from the decimal system up to Gödel’s theorems, but her attitude remains basically the same: we are not instructed in mathematics but we follow her on the way of discovering mathematics, even in parts where it is not possible to make the discovery together for practical reasons, but she can only report about it; she concentrates not on the theorems but on the problems they answer to and on the way how to discover them. Mathematics consists in her presentation not of axioms and theorems deduced from them, but of problems and solutions. 

Let us have now a look to Lakatos’ most influential work, Proofs and Refutations (The British Journal for the Philosophy of Science, 1963-64). He models the history of a mathematical problem (Euler’s theorem about polyhedra and the proper domain of its validity) as a series of mathematics classes. The book is written in a dramatic form; the persons of the drama are the teacher and some students who find solutions to the problem, counterexamples to solutions, new definitions for the concept of polyhedron the theorem is about etc. The persons of the drama represent different views about mathematical research, different strategies in concept formation and problem solving. Lakatos builds up a system of different possible views and strategies. He expounds his own opinion in the footnotes through the critical remarks against the views occurring in the main text. Lakatos agrees with Kalmár in that mathematics is fallible; no proof, no solution is irrefutable. His central point is conceptual change and development of methods in mathematics. He elaborates much more sophisticated schemata of development than Kalmár does but we can find common points in the details, too. Their opinion concerning formalization is similar, although not identical (more about the divergences later). But the form of Lakatos’ work, the mathematics class as the model of the mathematical discovery indicates an even deeper connection between ideas. It is more or less generally accepted that in the proper education of mathematics the student should discover mathematics by himself; this principle is represented in Playing with Infinity and it was the leading principle of the curriculum reforms in Hungary connected mainly with the name of Tamás Varga but supported by Péter, Kalmár, Surányi and other distinguished mathematicians. Now let us invert the principle because Lakatos does just this: working mathematicians are represented in his work by the students. The teacher helps the students only, the main part of the research work belongs to the students. Yes, the mathematician discovers mathematical concepts and theorems just on the way the student does. The only difference is that the mathematician is the first discoverer and because of this, nobody can help him. Now I think this inverted principle is represented in Playing with Infinity, too, by the attitude of the author. She turns to the problems of mathematics, even to the simplest ones, like a good, curious student and that is the way to encourage the reader to do the same.

Kalmár in his “Whither Now?”- paper in “ in ‘65 faces with the situation in Foundations of Mathematics. Foundational research arised from the mathematicians reaction to set-theoretic antinomies, he says, and produced several important results, but none of its schools succeeded in showing that mathematics is a “firmly founded purely deductive science”. He proposes to give up this aim and to accept that mathematics is based at least partly on empirical facts. Axioms were originally abstracted from empirical facts, validity of the rules of inference is proved by “our actual thinking practice”, “the consistency of most of our formal systems is an empirical fact”, and the validity of principles like Church’s thesis is once more an empirical question. Therefore, we have to accept that the Foundations of Mathematics and mathematics as a whole is at least partly an empirical science. We should take the propositions based on empiry as open to tests and revision all the time. In the discussion of the paper Lakatos – who basically agrees with Kalmár – formulates his distinction of quasi-empirical and Euclidean theories and on this basis, he formulates their common position more exactly. Both quasi-empirical and Euclidian theories are deductively organized systems of knowledge; but an Euclidian system sets out from true and irrefutable axioms, and by the force of deductive argumentation, theorems of the theory inherit the truth and reliability of axioms. In quasi-empirical systems, the starting propositions, the axioms are basically conjectural. We deduce consequences from them whose truth or falsity can be tested on some way and if a consequence is false, then we should revise the theory and modify at least one of the starting propositions. According to Lakatos’ metaphor, in an Euclidian theory truth flows downwards on the channels of logical deduction from the axioms to the theorems, in a quasi-empirical theory falsity flows upwards from the consequences to the axioms. A quasi-empirical theory should determine what counts as a refutation of a consequence, in Lakatos’ terminology: what are the potential falsifiers of the theory. A theory is (strictly) empirical, when the potential falsifiers are observable singular facts. Now Lakatos’ correction is that mathematics is quasi-empirical, but not necessarily empirical. We don’t need to believe for example that theorems of arithmetics can be refuted on the way that we count the members of a finite set and get a number which is different from the result of some calculation. Potential falsifiers in mathematics are different: the first candidate for this role is obviously contradiction, but in Lakatos’ philosophy of mathematics, there are other potential falsifiers, too, e.g. the lack of fruitfulness of a definition.

This correction was acceptable for Kalmár, but he made an important correction on Lakatos’ words, too: he remarked that we mustn’t regard the reliability of the channels, i.e. the reliability of the rules of logic absolute and final; it may also need corrections. There is, however, some difference in their relation to foundational research and to earlier philosophies of mathematics. Lakatos’ attitude is altogether negative against “mainstream” philosophies of mathematics, as he calls them and he is ambivalent concerning foundational research. In his “Infinite Regress and Foundations of Mathematics”( Aristotelian Society Supplementary Volume 36., 1962) formalism and logicism appear as wicked spirits in mathematics whose aim was to trivialize mathematics by giving it final and indubitable foundations. An absolutely secure theory should be an absolutely trivial theory according to him. He interprets the great theorems of foundational research (Gödel, Church, Tarski, negative categoricity results) as final refutations of the feasibility of the programs formulated by the schools in philosophy of mathematics. He presents mainstream philosophies of mathematics as blind alleys in thinking about mathematics and the importance of the great theorems is only that they close down these blind alleys. Lakatos doesn’t put the question about the future of foundational research but his reader gets the impression that this branch of mathematics has finished its task once and forever. Some of the followers of Lakatos like Philip Kitcher or Reuben Hersh identify foundational research with the search for final foundations and completely reject such investigations together with the philosophies of mathematics of early 20th century.

Kalmár presents the situation in foundational research in the “Whither Now”-paper as a deadlock and he proposes to give up the search for irrefutable foundations, to reconcile ourselves with the fact that we shall never reach a point where there are no more questions and no more doubts. But in the discussion of his paper Kleene asks: ”How different is what Kalmár has in mind from what we’re doing now” and Kalmár answers “we shall … do the same as we are doing now but with better conscience”. He formulates the task of foundational research in that “we want to give a firmer foundation” (and not an absolutely firm one). Consequently, this task has preserved its sense and the research work continues. The reconsideration of assertions that are not proved and even can’t be proved by the tools of deductive mathematics belongs to this work, too.

We may make clearer the meaning of the latter task if we have a look on Kalmár’s and Péter’s criticisms of Church’s thesis. On a colloquium in Amsterdam, 1957, they both read papers about the class of general recursive functions – in Kalmár’s opinion, this class is too narrow, according to Péter, it is too wide (fortunately, not exactly in the same respect). Kalmár („An Argument against the Plausibility of Church’s thesis”, in:A. Heyting (ed.), Constructivity in Mathematics, Amsterdam, 1959) argues that the class doesn’t contain every effectively calculable function and gives a counterexample. As we know, minimization leads out from the class of general recursive functions, i.e. consider the following function (: 
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0 if there is no natural number y such that ((x, y) = 0

( is not a general recursive function for some general recursive fuctions (even for some primitive recursive or elementary functions) ( (but it is partial recursive only). Kalmár’s method to calculate the value of ( for a given x  in such a case is the following: Let us run two parallel processes. The first is the calculation of ((x, 0), ((x, 1), etc., the second is a series of attempts to prove 

(1) ((y [((x, y) =0] 

by any correct, acceptable means (not within a given theory of arithmetics, but within any true theory – whatever it means). If the first process comes to a value 0 or the second process ends with success, we are ready. If we arrive to the stop in the case of any x, we can calculate a not general recursive function for every value of its variable and we have refuted Church’s thesis. If Church’s thesis is true, then there are some x’s for that (1) is true but not provable by any correct means. This is a much stronger statement than the Gödel-Tarski theorem because it is not about a given formalized theory of arithmetic, and seems to Kalmár “a very implausible consequence” of the thesis. (He refers to Hilbert’s words “there is no ignorabimus in mathematics”.) As the title of his paper also shows, he doesn’t think that it is a refutation of Church’s thesis, but just an argument against its plausibility.

The argument of Péter is of similar nature („Rekursivität und Konstruktivität”, in the same volume). She argues that the class of general recursive functions is too wide to identify them with constructive functions. Her point is that if we want to take the formal definition of general recursivity as the formalization of the intuitive concept of constructivity, then different definitions are characteristically burdened with a dilemma that can be illustrated on the previous definition of the function (. ( is general recursive iff for every x there is a y such that ((x, y) = 0. But how should we understand this existential quantifier in that definition? If it is to be understood constructively, then the definition presupposes an earlier concept of constructivity, i. e. it is circular as taken to be the definition of constructivity; if not, then the definition of constructivity is not a constructive one. According to Péter, we should define constructivity by means that can be accepted intuitively as constructive ones and the existential quantifier in its classical interpretation is surely not a such one.

What is the status of such investigations? Do they belong to philosophy or to mathematics? Or to somewhere on the borderline as “questions of principle” in mathematics? I think Kalmár’s and Lakatos’ answer is clear but rather unusual: they belong simply to mathematics, they belong to the not purely deductive part of mathematics. Let us consider an opposite answer from the contemporary philosophy of mathematics. Paul Benacerraf introduced the ironic denomination “Princess Margaret Premise”, shortly: PMP for some propositions that are (often tacitly) used in philosophical arguments. Let me quote him about such premises:

“…what we have on the one hand is some clear metamathematical result … and on the other hand some alleged philosophical consequences … the argument for [them] depends on a crucial extra philosophical premise” („What Mathematical Truth Could Not Be”, in:  A. Morton – S. P. Stich (eds.), Benacerraf and his Critics, Oxford, 1996) 

Now a typical example of a PMP is Church’s thesis if we say that Church’s theorem proves the undecidability of first-order logic. The clear, but uninteresting metamathematical result is that there is no general recursive function that renders to the Gödel numbers of valid formulas of a first-order language 1 and to any other strings of the language 0. The gap is abridged by Church’s thesis, a proposition which never will be proved by means of deductive mathematics and open to criticism from more than one side.

Let us take another statement based on a PMP: it is that 
(*) Gödel’s 2. incompleteness theorem proves the failure of Hilbert’s program. 
The PMP here is that methods acceptable in a consistency proof for Peano arithmetics can be modeled within arithmetic via Gödelization and it is a quite plausible statement but it is not a mathematical theorem, again. The opinions were different concerning it. Von Neumann held that the (*) proposition was true, he wrote that after the 2. incompleteness theorem we have no more defence against intuitionistic criticism. Hilbert had another view and Péter accepted his opinion in Playing with Infinity with enthusiasm. The last part of the book is an explanation of mathematical logic and proof theory under the marvellous title “Self-Critique of Pure Reason”. The allusion to Kant in this title is absolutely correct: critique in this philosophical context doesn’t mean destruction, but it aims to the exposition and delimitation of the possibilities: what can be reached by pure (or mathematical) reason and what can’t be done. This is a formulation of the task of foundational research after Gödel which is exact and illuminating at once and it involves a tenable answer from the Hilbertian side to Lakatos’ rejection of “formalist” philosophies of mathematics. Now she explains the problem of possibility of consistency proofs on the following way. She explains the significance of Gödel’s demonstration, i.e. that methods not representable via arithmetization should be stronger and therefore less reliable than arithmetic itself. It is just an argument in favour of the PMP. But on the other side, the reliability of a method of inference is an “empirical” question (in Kalmár’s sense). If we are faced with Gentzen’s consistency proof for arithmetics, we can decide whether we regard his methods reliable enough or not. (Of course, its reliability is a claim that is not provable but in principle open to refutation, like empirical statements in general.) A consistency proof is always a reduction of the reliability of a theory to the reliability of something else, but it is an embarrassing feature of Gentzen’s proof that it doesn’t make very clear what has been reduced there to what. Now Péter’s explanation of Gentzen’s method was illuminating in this respect, at least for me after the reading of Gentzen’s paper; it makes clear what did we gain concerning the reliability of arithmetic by the proof. It should be remarked that Péter’s popular explanation was based on Kalmár’s analysis of Gentzen’s proof. 

You may ask: what is the philosophy here at all? Now we mustn’t forget that the questions investigated here and many questions investigated in foundational research arise not purely and directly from the antinomies of set theory but from programs of the schools in philosophy of mathematics (the programs were induced immediately by the antinomies) and from old philosophical problems as well. The decision problem is a question about the reliability of logic and it is as old as the demand of Leibniz: we should formalize logic in order to make our inferences transparent enough to be checked py pure calculation. We know (with some provisos) that this demand can be fulfilled in the sense that any given formalized deduction can be checked algoritmically, but it can’t be fulfilled if the deduction is not given but only the premises and the conclusion. The fallibility or infallibility of mathematics is an even older philosophical question: it goes back to Aristotle, and consistency problems have no significance if we want to dissolve them from such questions. I think it is the most general task of philosophy to find the good questions; questions are important everywhere in human knowledge, but in philosophy, they are much more important than the answers are. Now the distinguishing feature of the philosophy of mathematics is that it could formulate questions to which the answer can be sought by mathematical means. (The first example was Frege’s question: “How much can we reach in arithmetic by pure logical deduction?”, and it is a fact of secondary importance that the answer to this question did not answer Frege’s expectations.) If we evaluate the olds schools by their fruitfulness as question generators, they receive a better score than the score Lakatos has given them; and more recent directions in the philosophy of mathematics, like that of Lakatos or that of Benacerraf can be evaluated on the same way.

Benacerraf’s objection against connecting metamathematics and philosophical questions concerning mathematics can be formulated in this framework as the right observation that the answers provided by foundational research diverge from the questions asked by philosophy in some measure. They don’t answer exactly what the question was but always something slightly different; this gap is filled by the PMP-s. For that reason,Benacerraf rejects the significance of results of foundational research in philosophical questions because PMP-s are not justified and in most cases, they can’t be justified at all. Kalmár’s attitude seems to be more productive. In Benacerraf’s arguments justification means firm and final justification; but according to Kalmár, the demand for such justifications is unjustified. We can’t prove the propositions which Benacerraf calls PMP’s by means of deductive mathematics because they are not of that nature; but we can investigate them by the means of empirical mathematics, by seeking arguments for and against their plausibility – this is a sort of empiry, too. Such an investigation may be even a source of new questions that can be answered by deductive tools – not exactly, but approximatively again.

Now Benacerraf has been one of the initiators of structuralism in the philosophy of mathematics. According to the view of some structuralists including Benacerraf himself and M. Resnik, structuralism doesn’t have and can’t have a mathematical formalization. This is consistent with Benacerraf’s views mentioned above: a proper philosophy of mathematics should be independent from mathematical research because mathematics can’t give an exact answer to philosophical questions. But such a philosophy can put questions to himself only. Other structuralists like Michael Makkai say that structuralism does have a mathematics and it is category theory; this direction seems to be more promising, at least for me. And what about Lakatos’ school? As far as I know, there is no Lakatosian mathematics and I could hardly imagine something like that. But his philosophy has produced good questions for the historiography of mathematics. There is a Lakatosian historiography of mathematics; among its main results I should mention the book of Árpád Szabó The Beginnings of Greek Mathematics (•Árpád Szabó, Anfänge der griechischen Mathematik. Budapest-München, 1969 (engl. 1978)). Szabó proved that according to its original and authentic interpretation, early Greek mathematics was not Euclidian, as Aristotle interpreted it, but quasi-empirical. Another source for Lakatosian historical research is the volume by Aspray and Kitcher.(W. Aspray – Ph. Kitcher (eds.), History and Philosophy of Modern Mathematics. Minneapolis, 1988).
Let us come back to lessons from Kalmár and Péter. The main lesson from Péter was qouted above, it is the definition of the task of foundations and philosophy of mathematics as self-critique of pure reason. I’d like to summarize the lessons from Kalmár with the following little story. In London, ’65, he received a not really benevolent remark from the philosopher Bar-Hillel: “I have some doubts whether Professor Popper would want to extend his conception of scientific knowledge – as consisiting of guesses that can constantly be improved – to mathematics …”. Kalmár’s answer was: “I cannot answer for Professor Popper Bar-Hillel’s question … [h]owever, I am sure that he does not consider mathematics a shelter for those who want to live among indubitable truths.” Let me generalize the point and finish by that: 

“Mathematics is not a shelter for those who want to live among indubitable truths.”
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