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Mi teszi a logika kovetkeztetési szabalyait
,helyessé”?

Elterjedt felfogds szerint az IGAZSAG-MEGORZO
TULAJDONSAGA, vagyis, hogy igaz premisszakbdl igaz
konkltzidkra vezetnek.

Bar attételesen beépiil a raciondlis gondolkodds és érvelés tar-
sadalmilag/torténetileg kialakult norméiba, mindenekel6tt a
nyelv haszndlatdaval 0sszefiiggd tarsadalmi normdakba, s ezért
ugy tlinhet, hogy semmiféle tapasztaldsra nincs sziikség egy



kovetkeztetés helyességének megitéléséhez, ez a tulajdonsag
alapvet6en EMPIRIKUSAN tesztelhetd.

ha a premisszak igazak = a kovetkeztetések igazak

[ !

vildg tényei vildg tényei

A logikai kovetkeztetés helyességének kérdése ott tlinik
problematikusnak, ahol ezt a legkevésbé varnank: A MATEMA-
TIKABAN! Mi teszi helyessé azt a kovetkeztetést, hogy

ha az Euklideszi axiémdk igazak = igaz, hogy a* + b* = ¢*

Honnan tudjuk ugyanis, hogy a° 4+ b* = ¢* igaz?!

Mi tesz egy matematikai allitast igazza?

Realizmus, platonizmus, intuicionizmus

A REALIZMUS szerint (pl. J. S. Mill) a matematikai dllitdsok akkor
igazak, ha megfelelnek a minket koriilvevo fizikai valésdgnak. Mas
szoval, a matematika empirikus tudomény: a matematikai al-
litdsok a fizikai vildg legaltaldnosabb tulajdonsagait fejezik ki.
E felfogds fontos szerepet t0ltdtt be a matematika torténeté-
ben, manapsdg azonban senki sem gondolja komolyan, hiszen
a matematika fogalmai nincsenek kozvetlen megfelelésben a
valosag elemeivel, példaul a végtelen fogalmanak semmi sem
felel meg a kiils6 (a matematikan kiviili) vildgban.

A MATEMATIKAI PLATONIZMUS a matematika klasszi-
kus fogalmainak ondllo létezést tulajdonit, tliggetlentil attdl,
gondoljuk-e azokat vagy nem, s tgy véli, a matematikai 4lli-
tdsok igazsagat pusztdn e fogalmak analizisével, logikai titon
fedezhetjiik fel.



AZ INTUICIONISTAK tagadjak a matematikai objektumok-
nak — az értelemszertien véges — konstrukciojuktol friggetlen 1é-
tezését, am helyette ,sajat isteniik” (Curry kifejezésel), az In-
tuicio 1étezésében hisznek, vagyis valami olyasmiben, ami az
egyetemes emberi értelem szdmara a priori adott, garantalva ez-

////

zel a matematika objektivitdsdit és haszndlhatdsdgit.

REALISTAK, PLATONISTAK ES INTUICIONISTAK mind hisz-
nek azonban abban, hogy a matematikai allitdsoknak jelenté-
siik van, s ha — a Hilbert-programot kovetve — formalizaljuk is
a matematika nyelvezetét, azt azért tessziik, hogy e jelentést
precizebben és tomorebben adhassuk vissza.

A MATEMATIKA FORMALISTA FELFOGASA

szerint az igazsag ezzel szemben az, hogy a matematikai objek-
tumoknak nincs jelentése. A matematika a formdlis rendszerek
tudoménya: Jeleket definidlunk és szabdlyokat, melyek alapjan
e jeleket kombinalhatjuk. Ahogy Hilbert mondta , A matema-
tika egy jaték, melyet a papirlapra irt, jelentés nélkiili szimbo-
lumokkal jatszunk, egyszerti szabdlyok szerint.” , Pont, egye-
nes és sik helyett folyamatosan mondhatnank, asztalt, széket
és soroskorsot” — mondta egy mdsik alkalommal az euklideszi
geometridra utalva.

A matematikdnak semmi koze nincs a végtelen metafizikai
fogalmdahoz, és k6zombos a térre, id6re, valoszintiségre vagy
a folytonossagra vonatkozo6 intuiciénkkal szemben. A mate-
matika nem produkdl, és nem old meg Zénén-paradoxonokat!
,Leifrhatok egy jelet, mondjuk a-t, és elnevezhetem az egész
szamok kardinalitdsdnak. Aztan rogzithetem a r4 vonatkozo
manipuldciés szabalyokat”, mondja Dieudonné.” Az egész fi-

"Haskell B. Curry: Outlines of a Formalist Philosophy of Mathematics, North-Holand, Am-
sterdam 1951.

Lasd Arend Heyting: Intuitionism: an Introduction, North-Holland, Amsterdam 1956.



nitista probalkozas felesleges. Ha a papirra azt irom 10107, ez
éppugy csak egy jel, amellyel manipuldlhatok, mint barme-
lyik més. A matematika jelenlegi gyakorlata azt mutatja, hogy
minél precizebben latjuk be valamely matematikai 4llitas igaz-
sagat, anndl nyilvanvalobb, hogy 6t kizardlag az teszi igazza,
hogy levezethet$ az rendszer axiomdaibol a rendszerben érvé-
nyes kovetkeztetési szabdlyok segitségével — fliggetleniil attol,
hogy egyébként milyen filozo6fiai nézeteket vall egy matemati-
kus. J6l jellemzi a helyzetet Jean Dieudonné-nek, a francia Bour-
baki csoport egyik vezéralakjdnak sokat idézett mondésa :

In everyday life, we speak as Platonists, treating
the objects of our study as real things that exist in-
dependently of human thought. If challenged on
this, however, we retreat to some sort of formal-
ism, arguing that in fact we are just pushing sym-
bols around without making any metaphysical cla-
ims. Most of all, however, we want to do mathe-
matics rather than argue about what it actually is.
We're content to leave that to the philosophers.

Tehat,

1. A formalizmus lényege, hogy egy allitds bizonyitasa-
nak/levezetésének 1étezése nem mas, mint a széban for-
g0 allitas igazsdgfeltétele.

2. Az axiomék sem azért ,igazak”, mert valamiféle referen-
cidjuk van a valésagos (vagy valamiféle platoni) vilagra,
hanem mert (trividlisan) levezethet6k (tudniillik az axi6-
makbol), mas széval definicié szerint igazak.

3. A matematikdban az igazsdg fogalma 4altaldban értel-
metlen, csak egy adott axiomarendszerre nézve értelmes



(ahol az axiémarendszerbe a kovetkeztetési szabalyokat
is beleértjiik). Annak a kijelentésnek, hogy ,a haromszog
szogeinek Osszege 180 fok” az igazsagarol nincs értelme
anélkiil beszélniink, hogy ne specifikdlnank, hogy melyik
axiomarendszerben (tehat melyik geometridban) van ért-
ve.

. A matematika torténete ebben a vonatkozasban nem egy-
séges. A matematika realis interpretdcidja példdul szin-
te kihalt a nem-euklideszi geometridk megsziiletése utan.
Korabbi korokban elfogadottnak tekintett bizonyitdsokat
ma nem tekintiink elfogadhatd, preciz formaélis bizonyi-
tdsnak. Mint — kissé sarkitva — Russell irja Boole Laws of
Thought-ja (1854) volt ,az els6 konyv, amelyet matemati-
karol irtak”.



2.

Célunk tehat az, hogy megvizsgaljuk, mi tesz egy matematikai
allitast igazz4a. Filozofiai szempontbdl az alapvet6 probléma a
kovetkezo:

If you are an incorrigible empiricist, you might encounter
the following difficulties in connection with the truths of for-
mal logic and mathematics. In Ayer’s words:

For whereas a scientific generalization is readily ad-
mitted to be fallible, the truths of mathematics and
logic appear to everyone to be necessary and certain.
But if empiricism is correct no proposition which
has a factual content can be necessary or certain. Ac-
cordingly the empiricist must deal with the truths of
logic and mathematics in one of the following ways:
he must say either that they are not necessary truths,
in which case he must account for the universal con-
viction that they are; or he must say that they have
no factual content, and then he must explain how a
proposition which is empty of all factual content can
be true and useful and surprising. ...

If neither of these courses proves satisfactory, we
shall be obliged to give way to rationalism. We shall
be obliged to admit that there are some truths about
the world which we can know independently of ex-
perience;



Metodoldgiai megjegyzések

o Legyen mindvégig vildgos: a matematikai igazsag prob-
lémajat egy adott metafizikai pozici6 (nyilvan a sajat me-
tafizikai felfogdsom) néz6pontjabdl tekintem végig. Ezt a
poziciét gy fogom nevezni, hogy , fizikalizmus”.

Physicalist =

Physicalist account of the men-
tal: Experiencing itself, as any ot-
her mental phenomena, including the

+ mental processing the experiences,
can be wholly explained in terms
of physical properties, states, and
events in the physical world.

Empiricism: Ge-
nuine information
about the world
must be acquired
by a  posteriori
means.

e Mindez persze nem zdarja majd ki més metfizikai allas-
pontok ismertetését és az azok mellett sz6l6 érvek atte-
kintését

o Az eldadas célja, hogy megoldjuk az Ayer &ltal meg-
fogalmazott problémat, anélkiil azonban, hogy a leg-
csekélyebb mértékben fel kellene adnunk az empiris-
ta/fizikalista allaspontot.

e My account of mathematics is philosophically (scientifically)
motivated rather than “mathematically”.
The reason is very simple: I will claim that mathematics
is a system of meaningless signs, consequently any claim
about mathematics must be external to mathematics.

o [ cannot—as many philosophers of mathematics do—"take it
as ‘data’ that most contemporary mathematics is correct” be-
fore first determining what this “correctness” actually means.



Thus, with respect to the “philosophy first” and “philoso-
phy last if at all” dichotomy, I support the philosophy(-and-
science)-first principle.

The reason is that a big part of the corpus of contempo-
rary mathematics is not invariant over the possible philo-
sophical positions. If Godel is right by saying that

after sufficient clarification of the concepts in
question it will be possible to conduct these dis-
cussions with mathematical rigor and that the
result then will be that...the platonistic view is
the only one tenable

then it follows that one cannot avoid questioning certain
parts of mathematics from an empiricist/physicalist standpoint.

The central question is "What is mathematical truth, that
is, what makes a mathematical proposition true?’.

I shall investigate the epistemological and ontological as-
pects of the problem. According to these two aspects I
shall consistently ask the following two test questions:

QL1: What leads us to the knowledge of the truth
of a mathematical proposition?

Q2: In what respects is the world different if
a given mathematical proposition is true or
false?

Investigation of the first question will lead us to a radical
formalist position. Answering the second question, we will
arrive at the physicalist account of formal systems.



The essential difference between mathe-
matical truth and a semantical truth in a
scientific theory describing something in
the world

A physical theory P is a formal system L + a semantics S point-
ing to the empirical world. In the construction of the formal
system L one can employ previously prepared formal systems
which come from mathematics and/or logic. That is, in gen-
eral, L is a (first-order) system with

e some logical axioms and the derivation rules (usually the
first-order predicate calculus with identity)

e the axioms of certain mathematical theories

e some physical axioms.

A sentence A in physical theory P can be true in two different
senses:

Truthy: A is a theorem of L, thatis, L = A (which is a math-
ematical truth within the formal system L, a fact of
the formal system L).

Truthy: According to the semantics S, A refers to an em-
pirical fact (about the physical system described by
D).

For example, ‘The electric field strength of a point charge is ’;—9'

is a theorem of Maxwell’s electrodynamics—one can derive the
corresponding formal expression from the Maxwell equations.
(This is a fact of the formal system L.) On the other hand, ac-
cording to the semantics relating the symbols of the Maxwell



theory to the empirical terms, this sentence corresponds to an
empirical fact (about the point charges).

Truth; and Truth, are independent concepts, in the sense that
one does not automatically imply the other. Moreover, assume
that I' is a set of true, sentences in L, i.e., each sentence in I
refers to an empirical fact, and also assume that I' = A in L.
It does not automatically follow that A is true,. Whether A
is true; is again an empirical question. If so, then it is new
empirically obtained information about the world, confirming
the validity of the whole physical theory P = L + S. In Kevin
J. Davey words:

The world is built in such a way that from certain
bodies of knowledge, certain types of valid mathe-
matical deductions take us from true claims about
reality to other true claims about reality. But not all
such otherwise valid mathematical deductions do
this. This is a fact about the world that physicists
must struggle to get their hands around — to learn
which deductions are good in which contexts, and
which are not.

If it turns out that A is not true,, then this information discon-
firms the physical theory, as a whole. That is to say, one has to
think about revising one of the constituents of P, the physical ax-
ioms, the semantics S, the mathematical axioms, or the axioms
of logic or the derivation rules we applied in the derivation
of A—probably in this order. (Here we can see how Quine’s
semantic holism works. The unit of meaning is not the single
sentence, but systems of sentences or even the whole of lan-
guage).

We usually change one entire mathematical /logical theory
for some other. For example, when we learned new empirical



facts about physical space(-time), we replaced the whole Eu-
clidean geometry with another one. (Unimportant sociological
fact.)

The empirical disconfirmation of a physical theory, in
which the Euclidean geometry is applied, can disconfirm the
applicability of Euclidean geometry in the physical theory in
question, but it leaves Euclidean geometry itself intact. In this
way, one cannot disconfirm mathematical truths like ‘formula
a* + b* = ¢ derives from the formulas called Euclidean ax-
ioms’. (Here we can observe how Quine’s confirmational holism
fails. It is not the case that if an empirical finding disconfirms
a physical theory which employs a given mathematical theory
then it also disconfirms the mathematical theory.)



Mathematical objects have no meanings

Thesis

o Mathematical objects and mathematical propositions carry no
meanings. The formulas are not about anything; they are
just strings of symbols. Mathematics is a game played
according to certain simple rules with meaningless marks
on paper.

e In pure mathematics, the formulas of a formal system do
not carry Tarskian truths. They are true only in the sense
that they have proof in the formal system in question.

Arguments

I apply the verifiability theory of meaning, in the following very
weak sense: in order to determine the meaning of a scientific
(mathematics included) statement we follow up how the state-
ment in question is confirmed or discomfirmed. So the ques-
tion is, how do we, finally, know that a mathematical proposi-
tion is true?

Consider the example of the physical realist view on math-
ematics.

1. If a mathematical proposition is an assertion about the
physical world, then its truth-condition would be the corre-
spondence with the physical facts. That is to say, to decide
whether a mathematical proposition is true or not, we would have to
investigate the state of affairs in the physical world. In this case, ata
certain point, just like the physicist, the mathematician would
have to throw down his/her pen and go to the laboratory. In
Godel’s words:



If mathematics describes an objective world just like
physics, there is no reason why inductive methods
should not be applied in mathematics just the same
as in physics.

But, have you ever seen a mathematician in the laboratory?
Isn’t it true that Gauss’ proposal to measure (by optical instru-
ments) the sum of the angles in a triangle is regarded as illegal
from the point of view of contemporary mathematics?

— The truth of the statement a* + b* = ¢* means only that
a* + b*> = ¢ follows from the axioms, according to the deriva-
tion rules of that very formal system called Euclidean geome-
try.

What kind of experiment should be performed in the labo-
ratory in order to decide whether the group-theoretical state-
ment e(ee) = e (e is the identity element) is true or not?

— We do not refer to any experiment to decide this ques-
tion. It is a true mathematical proposition in the sense that it is
derived from the axioms of group theory.

Thus, even if someone associates “meaning” to a mathematical
proposition, this meaning is outside of the scope of the decisive math-
ematical considerations and is irrelevant from the point of view of the
truth of the mathematical proposition in question.

(This follows from the factual practice of the mathemati-
cian.)

2. According to the weaker version of physical realism, not
all mathematical propositions have (empirical) meanings, only
the most elementary ones (which usually constitute the ax-
ioms) expressing certain elementary facts about the physical
world that are evident to everyone without laboratory experi-
ments. The axioms’ reference to the real world is transmitted to the
more complex mathematical propositions.



However, as the following reflections show, this weaker un-
derstanding of physical realism suffers from the same difficul-
ties as the stronger version.

e The axioms of set theory are often claimed to express evi-
dent truths about the “real sets” consisting of real objects
of the world.

— But, what about the axiom of choice? It seems to ex-
press an elementary feature of the “real sets”, we are
yet baffled about whether it should be added to the
list of axioms or not, depending on some delicate
mathematical considerations.

— It would be difficult to tell what feature of “real sets”
is reflected in the continuum hypothesis.

— Such an unquestioned axiom as the axiom of infin-
ity does not reflect any feature of “real sets” in the
physical world. It rather reflects the wish of the set-
theorist to have infinite sets.

So, it seems that the axioms of the most fundamental
mathematical structures are chosen on the basis of in-
herent mathematical reasonings, rather than on the basis of
physical facts.

e Assume, for the sake of the argument, that a kind of
Truth, can be assigned to the axioms. It would not follow
that this Truthy can automatically be transmitted to the more
complex mathematical propositions derived from the ax-
ioms. It is, finally, an empirical question whether the logi-
cal axioms and the derivation rules we applied in the deriva-
tion preserve Truth; or not. (Reichenbach’s and Putnam’s
explanation of the double-slit experiment via the viola-
tion of classical logic.)



e On the other hand, the claim that sets and some elementary
statements of set theory reflect physical facts is a description
of the physical world, that is to say, it is a physical theory.
For example, whether the properties of physical objects
can be modeled by sets, or not, is an empirical question.
This is possible in classical physics, but it is far from ob-
vious whether the same holds for quantum physics. If
Jauch and Piron’s description of the properties of phys-
ical objects is correct, then the property lattice of a quan-
tum system does not satisfy the distributive law

VAYBYC[AN (BUC) = (ANB)U(ANC)] (1)

consequently, the properties of a quantum mechanical object
cannot be identified with sets. Thus, contrary to our in-
tuitions about “properties”, “classes”, “having a prop-
erty”, “belonging to a class”, etc., such a simple true; set-
theoretic formula as (1) fails to be satisfied by the proper-
ties of a quantum mechanical object, that is to say, in this

case it is not true,.

e Finally, the nonchalant allusion to the “evident” truth
is problematic. As we can see in the history of mod-
ern sciences, sometimes the most “evident” concepts and
laws of nature have to be revised under the pressure of
new empirical findings. So, the mathematician should,
at least, start by mentioning these “evident” empirical
facts confirming the axioms. How are they precisely for-
mulated? What kind of objective observations, experi-
ments, or measurements lead us to these initial propo-
sitions about the physical world, etc.? However, no book,
for example, on set theory ever starts with such an exper-
imental introduction.



The reason is very simple: because such empiri-
cal/experimental introductions are not necessary. This
is because any claim about the “meaning” of a mathematical
proposition, any reference to the physical world is irrelevant.
This is merely “verbal decoration” in mathematics, which
can be completely ignored.

Everything I told about physical realism, mutatis mutandis, can
be applied to intuitionism and platonic realism.

world of mental /psychological
= phenomena or platonic
world/(fiction/natural langugae)

physical
world

laboratory ~ _,  other means by which knowledge can be
experiment obtained about these other realms

But, we never see any reference to these epistemic faculties in
mathematics! In Dummett’s words:

[T]here is nothing in mathematics that could be de-
scribed as inference to the best explanation. Above
all, we do not seek, in order to refute or confirm
a hypothesis, a means of refining our intuitive fac-
ulties, as astronomers seek to improve their instru-
ments. Rather, if we suppose the hypothesis true,
we seek for a proof of it, and it remains a mere hy-
pothesis, whose assertion would therefore be un-
warranted, until we find one.

No doubt, Godel is right in arguing that

“we do have something like a perception also of the
objects of set theory”



and that there is no reason

“why we should have less confidence in this kind of
perception, i. e., in mathematical intuition, than in
sense perception”.

But, he seems to overlook the fact that both the sense perceptions
of the external world and the internal perceptions of our intuitive
ideas are irrelevant from the point of view of the truths which
mathematics is concerned with, because they both are percep-
tions of that part of reality which is external to mathematics.

The only “truth” mathematics is concerned with is Truth;,
the concept of that something is being proved.

If we feel obliged to express the statements of mathemat-
ics in our everyday, no doubt referential, language, we should
say that mathematics is a discipline which does not have such
assertions as ‘a® + b> = ¢%, or ‘e(ee) = ¢/, or '3+ 2 = 5, but
it has assertions like ‘formula a* 4+ b*> = c¢* derives from the
formulas called Euclidean axioms’, ‘formula e(ee) = e derives
from the formulas called the axioms of group’, and ‘formula
3 + 2 = 5 derives from the formulas called the axioms of arith-
metic’, etc.— according to a given set of logical axioms and
rule(s) of inference. That is what mathematics tells us about
the world. (We will see in what sense this statement is about
the world.)

Many are unsatisfied with this simple “if-thenism”. David
Papineau writes:

If if-thenism were true, then of course there would
not be any gap between mathematical practice and
mathematical truth, for mathematical truth would
not answer to anything more than logical facts about
which theorems followed from which axioms. And



so, if if-thenism were true, there would not be any
difficulties about mathematical knowledge (or at
least none which did not reduce to the more general
topic of logical knowledge). However, despite these
attractions, it is generally agreed that if-thenism is
is false. The reason is that, although there are some
branches of mathematics in which mathematicians
are not committed to anything except exploring the
consequences of postulates, there are other branches
of mathematics where they are unquestionably com-
mitted to something more: for example, ... the
number theorist who says there are infinitely many
prime numbers is not just saying that this follows
from Peano’s postulates, but that there are all those
numbers.’

Of course, very much depends on how we understand the
practice of the mathematician. I think, that in the same way
like ordinary people who dream about movie stars but live
with their partner, mathematicians rave about various platonic
objects, but if they are seriously asked what they are confident
about, they reduce their claims to mere if-thenisms. All the
rest is just “folklore”. And this holds not only for the more
complex branches of mathematics but also for arithmetic and
set theory. When the number theorist says “there are infinitely
many prime numbers”, or simply 7 is a prime number lager
than 5 then (s)he means that all these concepts as ‘larger” and
‘prime’, etc., are defined with formal rigor, and that the state-
ment in question is a theorem within the corresponding formal
framework. This is true even if (s)he proves it by simple calcu-
lations, since it was previously proved that the employed algo-
rithm is correct. (I will come back to this problem after some

3Papineau 1990, p. 167.



ontological reflections.) Thus, concerning the rigorous, scien-
tifically justified, non-folkloristic part of the claims of mathe-
maticians, it is far from “unquestionable” that they are com-
mitted to something more than if-thenism.



How is it then possible that mathematical
structures prove themselves to be so ex-
pressive in the physical applications?

Feynman:

I find it quite amazing that it is possible to predict
what will happen by mathematics, which is sim-
ply following rules which really have nothing to do
with the original thing.

There is nothing miraculous here:

e Lirst of all, we give too much importance to the cor-
respondence between mathematics and structures ob-
served in the empirical world. The “storehouse” of math-
ematics has a much larger stock of mathematical struc-
tures than we have ever applied in describing the real
world.

e It is not mathematics alone by which the physicist can
predict what will happen, but the whole physical the-
ory (L,S), including physical axioms and the seman-
tics. The physicist tunes both the formal system L
(including the syntax, the derivation rules, the logi-
cal/mathematical /physical axioms) and the semantics S
such that the theorems derivable from the unified logical,
mathematical, and physical axioms be compatible with
the empirical facts. That is to say, the employed logical
and mathematical structures in themselves need not re-
flect any Truth, about the real world in order to be useful.



e Due to the empirical underdetermination of scientific the-
ories, it can be the case that more than one possible math-
ematical structure is applicable to the same empirical re-
ality.

e Finally, there is no miraculous “preadaption” involved

just because certain aspects of empirical reality “fit them-
selves into the forms provided by mathematics”. This is
simply a result of selections made by the physicist.
Just as there is no preadaption at work when you suc-
cessfully can install kitchen units obtained from a depart-
ment store in your kitchen. The rules according to which
the shelves, cupboards and doors can be combined show
nothing about the actual geometry of your kitchen. But
the final result is that the kitchen “fits itself” to the form
of the whole set, as if through a kind of preadaption. Sim-
ilarly, as G. Y. Nieuwland points out:

From time immemorial, mankind has learnt to
deploy mathematics in order to cope with the
empirical world, finding helpful notions such
as quantity, measure, pattern and functional de-
pendence. For many and obvious reasons it
proves expedient to order this experience into
a system of knowledge, invoking notions of co-
herence, analogy, completion and logic. Doing
s0, it appears that the margins of interpretation,
of whatever it is of our experience that can be
organized into mathematical structure, are flex-
ible. Such is the underdetermination of theory
by the data.

Of course, I do not want to understate the real epistemological
problem here. Namely, to what extent a statement of a physi-



cal theory applying certain mathematical structures expresses
an objective feature of the real object. This long-standing epis-
temological problem is, however, related to the Truth, of the
statements of physical theories, which has nothing to do with
what makes a mathematical proposition true, that is, with
Truth;.

Az a tézis, mely szerint abbdl a ténybdl, hogy a matemati-
kai strukturak nélkilozhetetlenek a fizikai elméletekben, ko-
vetkeztethetlink a matematikai struktardk létezésére, vagyis
hogy a matematikai objektumok ontoldgiai statusza nem kii-
16nbozik a fizikai objektumok ontolégiai statuszatol, gyakran
a Quine-Putnam-féle ,indispensability argument”-re épiil:

(1) We ought to have ontological commuit-
ment to all and only the entities that
are indispensable to our best scientific
theories.

(2) Mathematical entities are indispens-
able to our best scientific theories.

3) We ought to have ontological commit-
ment to mathematical entities.

This means, we ought to have ontological commitment to the
entities that mathematical statements are talking about.
Vissza fogunk térni erre az argumentumra a késdébbiekben.



A matematikai elméletek mint formalis
rendszerek

Altaldban tehat egy matematikai elmélet egy formalis nyely,
amely szimbolumokat tartalmaz, szintaktikai szabalyokat arra
nézve, hogy ezekbdl a szimb6lumokbdl hogyan lehet 6sszetet-
tebb un. formulédkat és formula-sorozatokat el¢4llitani, és logi-
kai szabalyokat, amelyek kovetkeztetési szabdlyokat monda-
nak ki bizonyos formulak , atalakitdsara”, egyikr6l a mésikra
valo , attérésre”.

Példa (Paul Lorenzen)

Jelek: Olyan stringek, amelyek két betiib6l dllnak, a és b.
Axiomak:

a
L=< XFXb (Rulel)
X FaXa (Rule 2)

Példaul,

Tétel: aababb
Bizonyitas:

a - ab v+ aaba v+ aabab + aababb
(1) (2) (1) (1)



The sentence calculus

Alphabet of symbols:

~,D,(,),p 4,7, etc.

Well-formed formulas:
1. p,q,r, etc. are wfs.

2. If A, B are wfs. then (~ A), (A D B), are wfs.

3. All wfs. are generated by 1. and 2.

Axiom schemes:

(L1) AD(BDA)
(L2) (ADBDC)D((ADB)D(AD(Q)))
(L3) (((~A)D(~B)>(BDA)))

Modus Ponens:

(MP) A and (A D B) implies B




Els6rendii formalis nyelv

Abécéje

NB

individuum valtozok halmaza: x1, x», x3, . ..
individuum konstansok (esetleg nincs): ay, as, as, . . .
fiiggvény-jelek (esetleg nincs): f”

egy- vagy tobbvaltozos predikatum-jelek (esetleg nincs):
pr

két logikai konnektiv: = (nem) — (ha...akkor)
egy kvantifikdtor: V (minden, univerzélis kvantor)

mellékszimboélumok: (,, és ) (a bal zérdjel, a vessz6 és a
jobb zardjel)

A ,nem (negacio)”, ,ha...akkor (implikdcio)”, valamint
,minden” szavak csupan a szimbdélumok elnevezései
(matematikai terminusai), nem szabad e szimbdlumok-
ra ugy gondolni mint amiknek ilyen jelentése van. Ezzel
szemben a ,halmaz” sz6 nem halmazelméleti terminus-
ként van haszndlva (hiszen még nincs halmazeléletiink!),
hanem abban a hétkdznapi értelemben mint szimbdlu-
moknak a sokasaga. Eppen ezért, ezen a ponton, keriiljiik
az olyan allitdsokat, mint hogy , megszamlalhatéan vég-
telen individuum valtozénk van”, stb.

,Els6rendli” arra utal, hogy van benne kvantifikalas
(nem nulladrend(i) viszont csak individuum véaltozékra
vonatkoznak (nincsenek predikdtum valtozok és azokra
torténd kvantifikalas, stb.)



o A fliggvény-jelekre nem szabad itt gy gondolnunk, mint
(a naiv halmazelméletben, mas széval, korabbi tanulma-
nyaikban megszokott) , fliggvényre”, vagyis ,hozzaren-
delésre”. Csak egy jel, egy szintaktikai egység, melynek
segitségével lehet olyat irni, hogy f" (t1,t2, ... t,).

Terminus (term)

A terminus fogalmat a kovetkezd definicidéval adjuk meg:

1. az individuum valtozdk és az individuum konstansok
terminusok.

2. Ha f" egy fiiggvény-jel, és ty, 1y, ... t, terminusok, akkor
" (t1,to, ... t,) is terminus.

3. Mas nincs.

Helyesen képzett formula (well-formed formula, wf)

(a) Ha tq,t,,...t, terminusok, akkor P" (ty,t,,...t,)
egy wif. (Az ilyet atomi formuldnak hivjuk.)

(b) Ha ¢, ¢ tetsz6leges két wf, akkor (¢ — ) is és ¢
is az.

(c) Ha x egy individuum véltozo6 és ¢ egy wi, akkor
Vx¢ is wi.

(d) Mas nincs.

Roviditések

A kovetkezd roviditéseket definidljuk:

¢ VP (vagy) arra, hogy (—¢ — )



d NP (és) arra, hogy
(¢ — )

¢ < P (akkor és csak akkor) arra, hogy (¢ — ) A
(¥ — ¢)

dx¢ (létezik, exisztencidlis kvantor) arra, hogy — (Vx—¢)

NB A ,vagy (diszjunkcio)”, ,és (konjunkcid)”, stb. elnevezé-
sek is csupan matematikai szakkifejezések. Nem kell hozzajuk
a hétkoznapi nyelvhaszndlat szerinti jelentést tarsitanunk.

HF Mutassuk meg, hogy a {—, —} konnektivek helyett hasz-
nalhatnank a {—, A} vagy {—, V} parokat is a rendszer definici-
6jaban! Hogy pl. ¢ A ¢ értelmezhets gy mint — (—¢ V —¢) r6-
viditése (magat a formuldt De Morgan-azonossdgnak hivjuk),
etc. Hasonloképpen, V helyett kezdhettiik volna 3-kel.

Kotott és szabad valtozo

Egy valtozot kotott vdltozonak neveziink, ha egy kvantifikator
vonatkozik rd. Egyébként szabad vdltozonak nevezziik.

Példaul:

e A dxP(x,y) formuldban (roviden formuldnak fogjuk ne-

vezni a wi-t) x kétszer kotott valtozoként van jelen, y sza-
bad.

e A VxVy(P(x,y) — Q(y)) formuldban x és y min-
den el6forduldsa kotott. A Vx kvantifikdlas hatokore
a Yy(P(x,y) — Q(y)) részformula. A Vy hatékore a
P(x,y) — Q(y) részformula.



e AVx (P(x,y) — VYyQ(y)) formuldban az x kétszer kotott,
az y egyszer szabad és két helyen kotott.

Egy ¢ formulédban a t terminus szabad az x vdltozéra nézve, ha a t-
ben el6forduld egyetlen y valtozo esetében sincs x-nek szabad
eléfoduldsa valamely Vy kvantifikdcié hatékorében. Mas sz6-
val, t terminust biintetlentil behelyettesithetjiik x minden ¢-
beli szabad el6forduldsédba, anélkiil hogy Osszetiitkozésbe ke-
rillnénk a ¢-ben el6fordulé kvantifikaciokkal. Példdul, tekint-
siik a

VxP (x,y) — VzQ (z,y)

formulat. Itt példaul egy f*(x,v) terminus nem szabad y valto-
z6ra nézve. Ezzel szemben példaul ¢*(y, z) szabad x-re nézve,
vagy y szabad x-re nézve.

Mondat Egy formulat mondatnak (vagy zdrt formulanak) ne-
vezink, ha nem tartalmaz szabad valtozo6t.

Prenex formatum Egy formulat prenex formdtumiinak mon-
dunk, ha a kovetkezd alaku:

(lel) (szz) ce (Knxn) gb

ahol minden K; vagy V vagy o, ¢ pedig egy olyan formula,
amelyben nincs kvantifikacié. (Az olyan formulat, amelyben
egyaltaldn nincs kvantifikdlas prenex formatumunak tekint-

jiik.)

A predikatum kalkulus (PC)

A PC axiomai és a kovetkeztetési szabalyok

A PC egy, a fenti értelemben vett formdlis nyelv +



Axiomak (Axioma sémak)

A kovetkezdkben, ¢, ¢, x formuldk, x,vy,y1,v2,... Yy, ... valto-
z0k, és jelolje ¢(vy) az a formulét, melyet tgy kapunk, hogy a
¢(x) formuldban az x valtozét, annak minden szabad el6for-
dulédsa esetében y-nal helyettesitjiik.

(PC1) (¢ — (¢ — ¢))
(PC2) (¢ = (¢ = X)) = (¢ —=¥) = (¢ — X))
(PC3) (¢ — ~¢) — (¢ — ¢))

(PC4) (Vx (¢ — ) — (¢ — Vx¢p)) ha x nem fordul el6 sza-
badon ¢-ben.

(PC5) (Vx¢ — ¢) ha x nem fordul el6 szabadon ¢-ben.
(PC6) (Vx¢p(x) — ¢(t))  feltéve, hogy a t terminus szabad

x-re nézve ¢(x)-ben.

Kovetkeztetési szabalyok
(MP) ¢-b6l és (¢ — 1)-b6l kovetkezik p  (modus ponens)
(G)  ¢-bdl kovetkezik Vx¢ (generalization)

NB

o Az axidmék tehat egyszertien a nyelv kivélasztott formu-
lai. (,Alapigazsagok”, stb. csak verbalis dekoracio).

e HEgy formdlis nyelv + néhdny axidma + a kovetkezteté-
si szabalyok egytittesét dltaldban formuilis rendszernek hiv-
juk.



PC egy tétele Ha a PC egy ¢ formuldja véges szamu 1épés-
ben levezethetb az axiomdakbdl a kovetkeztetési szabédlyok al-
kalmazasaval, akkor a ¢-t tételnek nevezziik és azt irjuk, hogy

~ ¢.

Bizonyitds Egy bizonyitds formuldknak egy (véges) sorozata,
ugy, hogy mindegyik formula vagy axidma, vagy a sorozat-
ban szerepld kordbbi formulabdl van levezetve a kovetkezteté-
si szabadlyok valamelyikének alkalmazéasaval. A sorozat utolsé
formuldja nyilvdnval6an egy tétel.

2 F ¢ Gyakran extra axiomékat adunk a rendszerhez és a
b6vebb rendszerben konstrudlunk bizonyitdsokat. Ha X ilyen
extra axiomak halmaza, akkor azt irjuk, hogy 2 ~ ¢, ha ¢ le-
vezethetd abban a b&vebb rendszerben, melyet tgy kapunk,
hogy a 2-ba tartoz6 formuldkat mint axiomékat hozzaadjuk
az eredeti PC axiomakhoz.

PC egy kiterjesztése Azt a formadlis rendszert, melyet PC-bdl
ugy nyeriink, hogy a PC axidmadit egy > formula halmazzal
bovitjiik, PC PC(X) kiterjesztésének nevezziik.

Konzisztencia Formuldk egy X halmazar6l azt mondjuk,
hogy konzisztens, ha nem létezik olyan ¢ formula, melyre egy-
szerre fennallna, hogy 2 = ¢ és 2 = —¢.

Bizonyitottan ekvivalens formulak Két ¢ és ¢ formula bizo-
nyitottan ekvivalens, ha = (¢ < ).



Elemi tételek

1. Tétel. Tetszileges ¢ formuldra ¢ — ¢.

Bizonyitds
1. ¢ — (¢ — ¢) — ¢) [(PC1)-b8]]

2. (9= ((p—¢)—9¢) — (= (@—¢) — (9—¢)
[(PC2)-bb]

3. (¢ = (¢ — @) — (¢ — ¢) [1. és 2. alapjan (MP)-bol]
4. ¢ — (¢ — ¢) [(PC1)-bI]
5. ¢ — ¢ [4. és 3. alapjan (MP)-vel]

2. Tétel (Szintaktikai kompaktsag). Legyen X formulik egy hal-
maza. ¥ = ¢, akkor és csak akkor, ha ¥ valamely véges X' részére
X ¢

Bizonyitds A tétel trividlis kovetkezménye annak a ténynek,
hogy minden bizonyitds formulak egy véges sorozata.

3. Tétel. Ha a X formulahalmaz inkonzisztens (nem konzisztens),
akkor tetszdleges formula levezetheto belole, tehit 2 = ¢ minden ¢-
re.

Bizonyitds Feltevésiink szerint tehat van olyan ¢ formula,
hogy 2 I ¢ és ezzel egyiitt 2 = —1p. Legyen ¢ tetszbleges.
Most megadjuk ¢ egy levezetését 2-bol:

1. ¢ [feltétel]
2. 9 — (~¢ — ) [(PC1)-b6]



¢ — ¢ [(MP)-bdl]

(¢ = ¢) — (¢ — ¢) [(PC3)-bol]
—p — ¢ [(MP)-b6l]

- [feltétel]

A L

¢ [5. és 6. alapjan (MP)-bol]

4. Tétel (Dedukci6 tétel). XU {¢} = ¢, és ¢ levezetése nem tar-
talmazza (G) alkalmazdsdt olyan x vdltozora nézve, amelyik szaba-
don fordul el0 ¢-ben, akkor X = ¢ — 1.

Bizonyitds HaX U {¢} - ¢, akkor létezik olyan

X1, X2r+ - Xkro+--Xn

formulasorozat, amelyik ¢ bizonyitdsa. Teljes indukciéval
megmutatjuk, hogy a tétel a bizonyitdsban szerepl$é minden
Xk formuléra igaz, tehat igaz x,-re (azaz i-re) is.

Tekintstik xi-et. x1 vagy logikai axiéma, vagy eleme 2-nak,
vagy azonos ¢-vel. Az els6 két esetben (PC1)-bdl és (MP)-bdl
kapjuk, hogy 2 + ¢ — x1. Ha x1 azonos ¢-vel, akkor az 1. té-
telbdl trividlisan kovetkezik. Ezzel belattuk, hogy a tétel igaz
X1-T€.

Most tegytik fel, hogy allitdsunk igaz minden y;-re, hai <
k. Ennek alapjdn megmutatjuk, hogy igaz xi-ra. Két lehet6ség
van:

1. xxlogikai axioma, vagy eleme £ U {¢ }-nek. Ekkor ugyan-
ugy bizonyitunk, mint a x; esetében.

2. xx-t az (MP) alkalmazasaval kaptuk valamely kordbbi y;
és xi — Xk formulédk alapjan. Ekkor a kovetkez&képpen



bizonyitunk:

¢ — Xi

¢ — (Xi = xx)

¢ — (xi = xx) = (¢ — xi) = (¢ — xx) [(PC2)-bE]]
(¢ — xi) = (¢ — xx) [(MP)-bdl]

¢ — xx [(MP)-bo]

3. xx-t az (G) alkalmazéasaval kaptuk valamely korabbi x;-
b6l valamely y véltozora vett generalizacidval. Tehat
¢ — xi, mivel a levezetés nem tartalmazza (G) alkalma-
zasat olyan x véltozéra nézve, amelyik szabadon fordul
eld ¢-ben. y nem jelenthet meg ¢-ben szabad valtozoként,
hiszen a generalizdcioban alkalmaztuk. Tehat
¢ — Xi
vy (¢ — xi) [(G)-bSl]
vy (¢ — Xi) — (¢ — Vyxi) [(PC4)-bo]]
¢ — Vyxi [(MP)-bél]
¢ = Xk

Ezzel a tételt bebizonyitottuk.

5.Tétel. Ho XU {¢} - o és ¢ zdrt, akkor L = ¢ — 1.

6. Tétel (Indirekt bizonyitas). Legyen X formuldk eqy halmaza és
legyen ¢ zdrt. ¥ &= ¢ akkor és csak akkor, ha a XU {—¢} inkonzisz-
tens.

Bizonyitds Ha X + ¢, akkor ZU {—¢} F ¢. Masrészt £ U
{=¢} F —¢, tehdt Z U {—¢} valoban inkonzisztens.

Forditva, ha X U {—¢} inkonzisztens, akkor van olyan ,
hogy XU {—¢} - ¢ és LU {—¢p} - . Tehat, a 5. tétel miatt
Y F —¢p — . (PC3)-bOl (¢ — ) — (—p — ¢). (MP)-bdl,
tehat X - (- — ¢), majd megint (MP)-alkalmazva X F ¢.



7. Tétel. Legyen x szabad viltozo ¢(x) formuldban. Legyen tovdbbd
y eqy olyan vdltozé, amelyik nem fordul elé ¢(x)-ben, sem kotott,
sem szabd formdban. Ekkor

- Vxp(x) < Vyg(y)

Bizonyitds

1. Vxg(x)

2. Yap(x) = ¢(y)  [(PCH)]
3. ¢(y)  [(MP)]

4. Vyo(y)  [(G)]

Vagyis belattuk, hogy Vx¢(x) F Vyp(y). A dedukcio-tétel al-
kalmazdsaval tehat

- Vap(x) — Vyg(y)

Teljesen hasonlé médon bizonyitjuk a forditott irdnyt is.



PC(=) (predikatum kalkulus identitassal)

Az el6zb8ekben megismert predikdtum kalkulust egy tovabbi
predikatum-jellel egészitjiikk ki. Legyen E (,ugyanaz mint”,
Legyenld”) egy kétvaltozos predikatum. E tulajdonségait a ko-
vetkezb axiomak hozzdadéaséaval rogzitjiik:

Az egyenlOség axiomai
(E1) E(x,x)

(E2) E(t,s) — E(f" (uy,uy,..., toooun), f (U, uo, .8, . Uy))
(E3) E(t,s) — (¢ (uy,u,..., t,..ouy) — ¢ (uy,us,.. ., S,...Uy))

Kényelmesebb jelolés: x =y = E(x, y)

HFE. Mutassuk meg, hogy E tranzitiv és szimmetrikus.



Aritmetika

(A1) = (0=s)

(A2) (sx =sy) = (x =)

(A3) x+0=x

(A4) x+sy=s(x+y)

(A5) x-0=0

(A6) x-sy=(x-y)+x

(A7) (P(0) AVx (P(x) — P(sx))) — VxP(x)

ahol természetesen x = vy, x + y illetve x - y az E(x,y), +(x,v)
illetve -(x,y) helyett 4ll, ahol E az egyenlség predikdatum, +
és - pedig fliggvények. s szemléletes jelentése az ,hozzdadunk
egyet” mtivelet, P pedig egy tetszbleges egyvaltozos predika-
tum. (A7)-et az indukcié axiomasémdjdnak is szokas nevezni.

Vezessiik be a 1,2,3,... jeleket a kovetkezd individualis
konstansok jelolésére:

1: s
2: ss(O
k ss O



NB.

A jeldlésekben hasznaljuk a szdmokat és irunk olyat, hogy k-
darab”, stb. Vegytik észre, hogy ezek csak kényelmi, tipogra-
fiai eszkozok, és nem torténik lényegi hivatkozas valamilyen
,elézetesen ismert aritmetikara”.



Igaz-e, hogy 2 + 2 = 4?

8. Tétel. {aritmetika} -2+ 2 = 4 a PC(=)-ben.

Bizonyitds A jelolések definicigjat alapul véve tehat azt kell
bizonyitanunk, hogy ss0 4 ss0 = ssss0:

1.
2.
3.

NB.

$s0 4 ss0 = s(ss0 + s0) [(A4)-bS]]
5(ss0 + s0) = ss(ss0 + 0) [(A4)-bd]]

ss0 + ss0 = ss(ssO+ 0) [1. és 2. alapjan (E3) és (MP)
felhasznalasaval]

. 550 + 0 = 550 [(A3)-bdl]
. 850 4- 550 = ss550 [3. és 4. alapjan (E3) és (MP) felhaszna-

lasavall]

Gyakran olvashatunk az irodalomban olyan gondolat-
meneteket, amelyek a ,,szdndékolt interpretaciordl” szol-
nak. Természetesen, lehet valamilyen intuiciénk el6zete-
sen arrdl, hogy az axiomatikusan felépitend$ matemati-
kai struktaratdl mit varunk. De ennek szigorud, elméle-
ti, matematikai értelemben nyilvdn nem lehet semmiféle
jelentésége. (A matematikdban egyébként is szamtalan-
szor elfogadunk formaélis elméleti gondolatmenetek tt-
jan nyert konkltzidkat, melyek esetleg ellentmondanak a
,jo0zan észnek”, vagy az el6zetes intuitiv varakozéasaink-
nak. Gondoljunk példaul arra, hogy intuitive tobb racio-
nélis szamnak kellene lennie, mint egész szamnak, még-
is elfogadjuk a formaélis bizonyitdst, hogy a két halmaz



szamossaga azonos.) Osszegezve tehdt, az aritmetika az,
amit most axiomatikusan felépitiink!

Természetesen lehet arrél beszélni, hogy egy axiomatiku-
san felépitett aritmetika hasznos matematikai struktara-e
szamunkra, abban az értelemben, hogy hasznédlhat6-e a
vildg lefrdsaban, vagyis a fizikai elméletekben. Tehéat az
aritmetika axiomatikus felépitése sordn lehet az a szan-
dékunk, hogy egy olyan struktiurat hozzunk létre, amely
majd alkalmas lesz — egy megfeleld fizikai elmélet része-
ként — annak lefrdsdra, hogy hogyan miikodik a pénztér-
gép, vagy alkalmazhat6 lesz abban a fizikai elméletben,
amelyet egy juhdsz haszndl a nydjba tartoz6 juhok nyil-
vantartasara, stb.

Félreértések elkeriilése érdekében felhivjuk a figyelmet
arra, hogy az itt alkalmazott jelolések eltérnek a tan-
konyvekben szokdsos jelolésekt6l. Az itt szamokkal jelolt
1,2,..., és szamoknak, tehat ,egynek”, , kettonek”, stb.
nevezett individuum konstansok rendszerint valamilyen
megkiilonboztets jelolést kapnak, 1,2,3,... (Iasd Cross-
ley), vagy 01),02),08), (Iasd Hamilton), stb. Es rend-
szerint nem is nevezik 8ket szamoknak, hanem ,szamje-
gyeknek”, ,,szdmneveknek” (numerals, numeral terms),
megkiilonboztetésiil az ,igazi” szamokto6l, azaz vala-
milyen értelemben mar el6zetesen 1étezd szamelmélet
szam-fogalméatol, melyeknek a fenti értelemben vett axi-
omatikus aritmetika valamiféle , axiomatizalt” elmélete.
Az itt szorgalmazott felfogds szerint azonban az aritme-
tika az, amit itt axiomatikusan megadunk. Nincsenek
Laritmetikai igazsagok” masok, mint amiket az axiomati-
kus aritmetikdban az axiomdakbol levezethetiink. Semmi
okunk tehat arra, hogy éppen azt jeloljiik valami méssal,



ami van, és azt jeloljik 1,2, 3, .. .-mal, ami nincs!

It is completely meaningless to talk about “intuitive arith-
metic”, “naive set theory”, “intended interpretation”, and the
like, or to differentiate “numbers” from “numerals”, or use the
phrase “axiomatization of ...”, etc. For instance, from the point
of view of physicalism, there can be no arithmetic in mathe-
matics before axiomatic arithmetic has been established. We do
not “know” in advance that “3 + 2 = 5” until the correspond-
ing axiomatic theory is constructed in which this formula ex-

ists, until this formula is derived from the arithmetical axioms.

%

Counting using your fingers, or observing that

(A) When the apple-counter equipment interacting with
the apples on plate I shows figure |3] and the apple-
counter interacting with the content of plate II shows
figure 2| then the apple-counter interacting with ap-
ples on the table shows figure [5/.

are observations about the physical world outside of the realm
of mathematics. These physical observations have nothing to
do with the mathematical truth of formula 3 -2 = 5. It does
not follow from these observations that 3 + 2 = 5 because this
formula is a formula of arithmetic. And the only truth math-
ematics (arithmetic) is concerned with is Truth;. We cannot
infer the truth of formula 3 +2 = 5 from the physical obser-
vations of apples, plates and tables. This is not because “the



general arithmetical truth 3 +2 = 5 is obtained by abstraction
from many other similar observations”. It is because we can
infer its truth from a completely different physical observation:
the observation of a sequence of formulas constituting a proof
of formula 3 + 2 = 5 within arithmetic.



(PCI) (¢ — (v —¢))

(PC2)  ((¢— (W —x)—=(p—9)—(¢—X)

(PC3) (= — —9) — (¥ — ¢))

(PC4)  (Vx (¢ — 9) — (¢ — Vxup)) feltéve, hogy ¢ nem tartalmazza x szabad eléfordulasat.
(PC5)  (Vx¢ — ¢) ha x nem fordul el szabadon ¢-ben

(PC6) (Vx¢(x) — ¢(y)) feltéve, hogy amikor az x szabad el6fordulésait y-nal helyettesitjiik, akkor y
szabad véltozo6 ¢(y)-ban.

(MP) ¢, (¢ — P)-bdl kovetkezik 1p (modus ponens)

(G) ¢-bol kovetkezik Vx¢ (generalizacio)

(E1) E(x,x)

(E2) E(t,s) — E(f" (uy,up, ..., t,...un), f" (U1, u2,...,5,...1y))
(E3) E(t,s) — (¢ (u1,up, ... t,...uy) — ¢ (U, Uz, ...,5,...Uy))
(A1) = (0 = sx)

(A2 (sx=sy) = (x=1)

(A3) x+0=x

(A4) x+sy=s(x+y)

(A5) x-0=0

(A6) x-sy=(x-y)+x

(A7) (P(0) AVx (P(x) — P(sx))) — VxP(x)

1 5550 + ss0 = s(sss0 + s0)

2 5(sss0 +s0) = ss(sssO + 0)

3 5550 + ss0 = ss(sssO + 0)

4 $3s0 + 0 = sss0

5 §880 + ss0 = sssss0

Of course, one can construct a physical theory describing a
physical system consisting of apples, plates and a table. It
would consist of a formal system L and semantics S which re-



lates some elements of the formal system L to observed phe-
nomena. Of course, we observe the situation described in (A)
many times and regard it as a law-like regularity:

(B) Whenever the apple-counter interacting with the ap-
ples on plate I shows figure 3| and the apple-counter
interacting with the apples on plate Il shows figure
then the apple-counter interacting with the apples on
the table shows figure 5|

This regularity can be expressed in the physical theory (L, S)
in the following way: The formal system L contains the axioms
of the first-order predicate calculus with identity, PC(=), and
the axioms of arithmetic. Semantics S relates the figures |3,
and |5 shown by the counters to the symbols 3,2 and 5 (where
3 is an abbreviation for sss0, etc.) and the regularity (B) will be
related with formula 3 +2 = 5.

NB. When I say that the semantics “relates” some elements
of the observed phenomena with some symbols in L, I do not
mean a map, or function or relation of mathematical character.
That would be a categorical mistake! Maps, functions and re-
lations are mathematical objects, existing only in a formal sys-
tem (incorporating set theory). Such a semantical relationship
is always embodied in causal concatenations, relating the for-
mal system with other physical systems. You see the figure
on the instrument and put your finger on the symbol 3 on the
paper. Simultaneously the neural configuration of your brain
or—let me put it in a more Searlean way—the whole physi-
cal state of your brain and body is such that you have the im-
pression in your mind that the two things are germane to each
other.



From physicalist point of view, the involvement of human
activity does not make an essential difference. In order to
avoid any confusion about the role of human mind in this pro-
cedure, one can always imagine a robot doing the job. Thus,
imagine a robot (a computer with all the required peripher-
als) designed (programmed) in the following way: he observes
the figure shown by the apple-counter interacting with the ap-
ples on plate I. He identifies the observed figure with a defi-
nite symbol in L, namely, with one of the numbers (“numer-
als”, if you like, I do not make a distinction), say 3. He ob-
serves the figure on the other counter and puts his finger on
number 2. He also observes the figure shown by the apple-
counter interacting with the apples on the whole table, and
identifies this figure with, say, 5. Then the robot checks on
whether 3 + 2 = 5 is a theorem in L, that is, in arithmetic, or
not. Since i 3 + 2 = 5, he reports that the phenomenon he
observed is compatible with the physical theory (L, S). And so
on.

This example, I believe, gives an intuition about how arith-
metic works within a physical theory that describes real phe-
nomena. But, the success of such a physical theory—uwithin its
range of applicability, of course—does not entitle us to claim that
“there are numbers” as entities—different from “numerals”. Nor can
we say that “3 +2 = 5" is a truth about them, that we can know be-
fore proving the corresponding formula in (“axiomatic”) arithmetic.
3 + 2 = 5is only a formula in arithmetic, and the only truth it holds
is its Truthy: that is it is a theorem of arithmetic.

Finally, it is worth while emphasizing that not only does the
empirical fact (B) not imply that 3 42 = 5is a theorem of arith-
metic, but, vice versa, the arithmetical theorem 3 +2 = 5in
itself does not imply the physical fact (B). Moreover, the arith-
metical theorem 3 42 = 5 in itself does not even imply the



physical hypothesis, that (B) is true. Such a physical prediction
only follows from the corresponding physical theory (L, S) in-
corporating arithmetic.



Halmazelmeélet

,Naiv” halmazelmélet — formalis (axiomatikus)
halmazelmélet

Szokds azt mondani, hogy azért kell a halmazelméletet ,,axio-
matizdlni”, mert a ,naiv” halmazelméletben bizonyos parado-
xonok fogalmazhatok meg, és az axiomatikus modszerrel ezek
kiktiszobolhetSk. Természetesen nem ezért kell megadnunk a
halmazelmélet axiomatikus elméletét, hanem azért, hogy egy-
altalan legyen halmazelmélet. Mds sz6val, nincs ,naiv” hal-
mazelmélet! (Legfeljebb abban a didaktikai értelemben, ha egy
tankonyvben bevezetiink néhdny halmazelméleti fogalmat és
kimondunk néhdny halmazelméleti tételt, anélkiil, hogy meg-
adnénk ezek bizonyitasat.)

Ernst Zermelo (1905) és Abraham Fraenkel (1920) utan, a
halmazelmélet itt targyalt axiomatikus elméletét ZF-nek szo-
kas nevezni.

A halmazelméletet a PC(=)-ben adjuk meg. Az egyenl6sé-
gen kiviil a nyelv tartalmazni fog egy kétvaltozos predikatu-
mot, € (,,eleme”).

A halmazelmélet (ZF) axiomai

(ZF1) AxVu- (u € x)
(iires halmaz axioma) Mivel ez az axiéma garantdlja
az lires halmaz létezését, bevezetjiik az tires halmaz
jelolésére a @ jelet.

(ZF2) VaiVy(Vu (u e x —u €y) < x =y)
(meghatdrozottsdgi axioma) Az axidma azt fejezi ki,
hogy egy halmazt egyértelmtien meghatdrozza,
hogy mely halmazok az elemei.



Jelolés u C v a kovetkezd6 formula roviditése:
Vx(x €u — x € v)

(ZF3) VaxVyFzVu(u ez s u=xVvVu=y)
(pdraxioma) Vagyis két halmazbdl lehet képezni egy
olyan halmazt, amelynek 8k az elemei.

Jelolés Az axiOma 4ltal garantalt z halmazt szokds a kovet-
kezéképpen jelolni: {x,y}

(ZF4) VxdyVz(z €y < Ju(u € x ANz € u))
(az unié axiémdja)

Jelolés Azt az objektumot, amelynek 1étezését (ZF4) garan-
tdlja Ux-el fogjuk jelolni. Pl. két halmaz unidjara, vagyis az
U {x,y} halmazra bevezetjiik az x U y jelolést.

(ZF5) Vx3dyVz (z e y < z C x)
(a hatvdnyhalmaz axiomdja)

Jelolés Az axioma altal garantdlt y halmazt szokés 2*-el jelol-
ni.

(ZF6) Vx3lyg (x,y) — Vz3uVo (v € u — Jo(o € zA ¢ (0,t
ahol ¢ (x,y) tetszbleges két szabad valtoz6t tartal-
mazo6 formula, melyben feltessziik, hogy a Vo és Vo
kvantifikdciok nem fordulnak elé.

(helyettesitési axiomaséma)

(ZF7) Ix (@ exAVy(yex—yU{y}ex)) {y}arovi-
ditése az {y, y }-nak)
(a végtelen halmaz axiomdja)



(ZF8) Vx(—~x=Q0—Jdy(yexA—-dz(zeyAz€x)))
(reqularitdsi axioma) Vagyis, hogy minden nem tires
x halmaznak van olyan eleme, amely diszjunkt x-
t6l. Ezzel elérjiik azt, hogy egyetlen halmaz sem
lehet eleme Onmagéanak.

(ZF1)—~(ZE8) elégséges ahhoz, hogy a matematika egy jelent6s
részét felépitsiik. Pl. a természetes szamok egy modelljét a
kovetkez6 halmazokbdl all6 univerzumon adhatjuk meg;:

0 @

1 12}

2 12,12} }

3 {D10,{D}}}

ZFC

(AC) Tetszbleges nem {ires x halmazhoz létezik olyan
y halmaz, amelyre igaz, hogy x minden elemével
pontosan egy kozos eleme van.

Kontinuum Hipotézis

(CH) ValOs szdmokbdl all6 tetszbleges végtelen halmaz
vagy megszamlalhatd szamossagu, vagy kontinu-
um szamossagu.

E két utols6 axiémat illetden kérdések meritiltek fel. Le lehet-
e vezetni ezeket a (ZF1)-(ZE8)-bo6l? Es ha nem, konzisztens
moédon hozzédvehetbk-e az alap ZF rendszerhez, kiilon-kiilon,



és egytitt? Ezekre a kérdésekre részben 1938-ban Godel egyik
munkdjaban, majd kés6bb (1963) Cohen munkéiban kaptunk
valaszt. Godel megmutatta, hogy ha a ZF konzisztens, akkor
(AC) és (CH) konzisztens médon hozzavehet az axiémarend-
szerhez. Cohen azt mutatta meg, hogy sem (AC) illetve (CH),
sem a negdltjaik nem vezethet6k le a ZF-bdl, tehat fiiggetlen
axiomakrol van sz6. (Egymastol is fliggetlenek.)

NB

1 Felmeril a kérdés, hogy a matematikai logika kifejtése-
kor honnan vannak halmazok és azokon értelmezett reléci-
6k. Pontosabban, hogy honnan vessziik, hogy azok az 4llita-
sok, amelyeket az interpretaciot jelenté halmazelméleti struk-
tardkra vonatkozodan tesziink, igazak. Ezek a fejezetek most
valtak teljessé, azzal, hogy megadtuk a halmazelmélet axio-
mait. Példaul, a teljesités fogalmanak definicijaban, A =
P (x1, x2) [u1, us] akkor és csak akkor, ha {ZF}  {uy,ux} € R.
Természetesen a modell-elméleti szemantika még ezzel sem
teljesen problémamentes. Hiszen az interpretdlando elsGren-
dii nyelv elemei és a halmazelméleten beliil, mint masik els6-
rendi nyelven beliil definidlt, az interpretaciét nyujté struk-
tara elemei kozotti megteleltetés nincs valamely formaélis, el-
s6rendii nyelv keretei kozott megadva, hanem a metanyely,
ha tetszik a koznapi magyar nyelv segitségével van elmesél-
ve. Valamint a az teljestilés definici¢jaban val6jdban nem a
ZF-ben levezethett allitdsokra hagyatkozunk, hanem a ZF-
18l sz6l6 metamatematikai allitdsokra. Vildgosan latszik ez a
,A = =P (x1,x7) [u1, us] akkor és és csak akkor, ha {ZF} ¥
{u1,up} € R” definiciéban.



2 FEls6 pillantasra bizarrnak tinhet, a halmazelméletnek a
modelljeir6él beszélni, hiszen ez azt jelenti, hogy a halmazel-
méletnek a halmazelméletben adjuk meg az interpretacidjat.
Valgjdban itt nincs semmi probléma, és formélisan ugyanugy
jarunk el, mint mas axidmarendszerek esetében.

3 Az axidémarendszerekkel kapcsolatban gyakran teszik fel a
kérdést: ,Van-e valami, ami a széban forg6é axiémakat kielé-
giti?” So6t, azt is meg szokas kérdezni, hogy ,, Azok a dolgok,
amelyeknek az axiomdirdl van szo6, kielégitik-e ezeket az axi-
6mékat? Es azt is, hogy , Vajon csak azok a dolgok tesznek-e
eleget a szoban forgd axidmdaknak, amelyeknek szandékunk
szerinti axiomdirdl van sz6?” Ezek értelmetlen kérdések. Em-
litettiik mar, hogy értelmetlen ,szandékolt interpretaciérol”
és valaminek az ,,axiomatizalasarol” beszélni, tovabba nincs
,standard aritmetika”, amelyet , axiomatizdlunk” és nincs , na-
iv halmazelmélet”, amelyet , axiomatizalunk”. A szigoru érte-
lemben vett matematika szdmadra ezek az elméletek akkor 1é-
teznek, ha megadjuk a megfelel axiomatikus felépitését, még-
hozza az itt megismert PC(=)-ben. Es ezek az elméletek sem-
mi egyebek, mint amelyeket ilyen médon axiomatikusan meg-
adunk. Ontologiai értelemben értelmetlen olyan ,,dolgokrél”
beszélni, amelyek ,eleget tesznek” ezeknek az axiomédknak,
vagy amelyek ,tulajdonsagait” ezek az axiomdk ,tiikrozik”.
Amik léteznek, azok egyszertien azok a jelek és azok a szintak-
tikai szabalyok (mechanizmusok), amelyek az adott deduktiv
rendszerben hasznéalatosak.



The physicalist ontology of formal sys-
tems

Thesis:

The objective fact expressed by a mathematical
proposition is a fact of the formal system itself,
that is, a fact about the physical signs and the me-
chanical rules according to which the signs can be
combined.

It is a common belief that philosophy of mathematics must
take account of our impression that mathematical truth is a re-
flection of fact. As Hardy expresses this constraint,

[N]o philosophy can possibly be sympathetic to a
mathematician which does not admit, in one man-
ner or the other, the immutable and unconditional
validity of mathematical truth. Mathematical theo-
rems are true or false; their truth or falsity is abso-
lute and independent of our knowledge of them. In
some sense, mathematical truth is a part of objective
reality.*

In this section, my aim is to determine what this objective fact
actually is.

As we have seen in the previous sections, mathematical
propositions, contrary to the propositions of physical theories,
are not about anything outside of mathematics, neither in the
physical world nor a platonic world—even if the latter were
not disqualified for various philosophical reasons. Therefore,

4Hardy 1929.



this fact can only be a fact of inside the realm of mathemat-
ics. More exactly, taking into account that the only means of
obtaining reliable knowledge about this fact is mathematical
proof, it must be a fact of the realm inside of the scope of for-
mal derivations. I shall argue that this fact is a fact of the formal
system itself, that is, a fact about the physical signs and the me-
chanical rules according to which the signs can be combined.

In my—perhaps prejudiced>—reading, Hilbert’s position
was very close to this view:

Kant already taught—and indeed it is part and par-
cel of his doctrine—that mathematics has at its dis-
posal a content secured independently of logic and
hence can never be provided with a foundation by
means of logic alone; that is why the effortes of
Frege and Dedekind were bound to fail. Rather,
as a condition for the use of logical inferences and
performance of logical operations, something must
already be given to our faculty of representation
[in der Vorstellung], certain extralogical concrete ob-
jects that are intuitively [anschaulich] present as im-
mediate experience prior to all thought. If logical
inference is to be reliable, it must be possible to
survey these objects completely in all their parts,
and the fact that they occur, that they differ from
one another, and that they follow each other, or are
concatenated, is immediately given intuitively, to-
gether with the objects, as something that neither

°It is an arguable historical question how Hilbert actually considered the “concrete
signs themselves” as intuitively present as immediate experience prior to all “logical
inferences”. In some readings, Hilbert’s views are compatible with a kind of struc-
tural/conceptual realism/platonism. (Cf. Isaacson 1994.) Anyhow, I shall formulate an
argument against the view that mathematics has anything to do with some “abstract struc-
ture” over and above the physical signs and physical mechanisms constituting the formal
system in question.



can be reduced to anything else nor requires reduc-
tion. This is the basic philosophical position that
I consider requisite for mathematics and, in gen-
eral, for all scientific thinking, understanding, and
communication. And in mathematics, in particular,
what we consider is the concrete signs themselves,
whose shape, according to the conception we have
adopted, is immediately clear and recognizable.

Sometimes it is argued that symbolism is merely a “convenient
shorthand writing” to register the results obtained by think-
ing. To be sure, according to the physicalist account of the
mental, it is not important how much “thinking” is involved
into the formal manipulations. It is worth while to mention-
ing, however, that thinking actually plays a marginal role in
formal derivations—from the point of view of the truth condi-
tions of a mathematical proposition. I am not concerned about
the context of discovery but about the context of justification of
a mathematical truth. The discovering of a new conjecture and
the discovering of a proof of a conjecture or the definition of a
new concept no doubt require the faculty of creative thinking.
But, the justification of a mathematical truth, that is, to test that
a given sequence of formulas constitutes a proof of a proposi-
tion, does not. The more strictly formalized the proof is, the
less creative thinking involved. Consequently, the test of the
truth conditions of a mathematical proposition is indifferent to
complex creative thinking. For instance, when we perform a
formal derivation on paper, since each step of manipulation is
governed by strict rules, human beings could be replaced by
trained animals, robots, etc. Actually, the test whether a given
sequence of formulas constitutes a proof of a proposition can
be performed by a Turing machine.

SHilbert 1967, p. 376.



Hilbert still emphasizes that the complete process of sym-
bolic operations must be surveyable to us. This was a very
common idea at his time. However, in the contemporary math-
ematics there are derivations which are not surveyable by the
human mind—we cannot observe the whole derivation pro-
cess, only the outcome of the process, the proved theorem.
This is the case, for example, in the proof of the four-color the-
orem,” where certain steps of the proof are performed through
very complex computer manipulations. Sometimes even the
theorem obtained through the derivation process is not sur-
veyable. It often happens, for example, that the result of a sym-
bolic computer language manipulation is a formula printed on
dozens of pages which is completely incomprehensible to the
human mind.

So far we have focused on the epistemological aspects of
the problem of mathematical truth. The results of our investi-
gation can be summarized in the following observations.

e Regarding the truth conditions of a mathematical propo-
sition, contrary to the propositions of physical theories,
we do not need to refer to the world outside of the formal
system in which they are formulated.

o Testing whether a given string of signs is proof of a math-
ematical statement is completely determined by the for-
mal system itself, no matter whether and to what extent
human mental faculties are involved in the mechanical
procedure of derivation.

e The process of derivation that leads us to the knowledge
of the truth of a mathematical proposition is nothing
but the truth-condition of the mathematical proposition
in question.

’See Tymoczko 1979.



The ontology of formal systems is crystal-clear: marks, say ink
molecules diffused among paper molecules, more exactly, their
interaction with the electromagnetic field illuminating the pa-
per, or something like that. The rules according by which the
marks are written on the paper form a strict mechanism which
is, or easily can be, encoded in the regularities of real physi-
cal processes. From the point of view of the truth conditions
of a mathematical proposition, human activity in this process
plays a marginal role. Moreover, the marks and rules can be
of an entirely different nature, like, for instance, the cybernetic
states of a computer, supervening on the underlying physical
processes.

Sometimes one executes simple formal derivations also in
the head.® However, from the point of view of the physicalist in-
terpretation of mind this case of formal manipulation does not
principally differ from any other cases of derivation processes.
If the signs and the rules of a formal system can be embodied in
various physical states/processes, why not let them be embod-
ied in the neuro-physiological, biochemical, biophysical brain
configurations—more exactly, in the physical processes of the
human brain? If this is the case, that one of the paths—as some
rationalists believe, the only path—to trustworthy knowledge,
the deductive/logical thinking, can be construed as a mere
complex of physical (brain) phenomena, without any reference
to the notions of “meaning” and “intentionality”, or the vague
and untenable concept of the acausal “global” supervenience
on the physic:al,9 then this is, actually, a very strong argument
for physicalism.

That is to say, mathematical truths are revealed to us only
through real physical processes. From this point of view

SMuch more rarely than one would think. Even in the simplest cases, a proper formal
derivation is much too complex to be executable in one’s head.

Cf. Chalmers 1996, pp. 33-34



we must agree with the quantum computer theorists David
Deutsch, Artur Ekert, and Rossella Lupacchini:

Numbers, sets, groups and algebras have an au-
tonomous reality quite independent of what the
laws of physics decree, and the properties of these
mathematical structures can be just as objective as
Plato believed they were (and as Roger Penrose now
advocates). But they are revealed to us only through
the physical world. It is only physical objects, such
as computers or human brains, that ever give us
glimpses of the abstract world of mathematics.!

It seems that we have no choice but to recog-
nize the dependence of our mathematical knowledge
(though not, we stress, of mathematical truth itself)
on physics, and that being so, it is time to abandon
the classical view of computation as a purely logi-
cal notion independent of that of computation as a
physical process.!!

(Note that they still maintain a platonic concept of truth in
logic and pure mathematics as independent of any contingent
facts. The reason is the distinction they draw between knowl-
edge and truth. They do not recognize what I emphasized
above that the existence of a physical process of derivation
that leads us to the knowledge of the truth of a mathematical
proposition is nothing but the truth-condition of the mathemat-
ical proposition in question.)

In order to determine what kind of objective fact is re-
flected in a mathematical truth, we apply our ontological test

ODeutsch et al. 2000, p. 265.
"Deutsch et al. 2000, p. 268.



question Q2: In what respects is the world different if a given
mathematical proposition is true or false? In other words, what
kind of state of affairs in the world determine whether a math-
ematical proposition is true or false? Now we can answer this
question. As the above epistemological analysis shows, the
truth of a mathematical proposition is determined by a fact
of the formal system in which the proposition is formulated.
That is to say, it reflects a fact of the physical system consist-
ing of the signs and the mechanism of derivation in question; a
mathematical proposition is nothing but an ordinary scientific state-
ment of the existence of a proof, that is, the existence of a particu-
lar physical process in the formal system in question. The math-
ematical proposition ‘3 + 2 = 5’, which actually means for-
mula 3 +2 = 5 derives from the formulas called the axioms
of arithmetic’, is nothing but—this is the physicalist step—the
scientific assertion that there exists a proof-process in the for-
mal system called arithmetic, the result of which is the for-
mula 3 4+ 2 = 5. This is an ordinary scientific assertion, just as
the assertion of the chemist about the existence of the process
2H; 4 Oy — 2H,0. In this way, mathematical truths express
objective facts (of the physical world inside of the formal sys-
tem as physical system). They are synthetic, a posteriori, not
necessary, and not certain, they are fallible, but have contin-
gent factual content, as any similar scientific assertion.

This is not a linguistic ob-
ject!

actually means that the usual formalist step

‘formula 3 + 2 = 5 derives
from the formulas called the | This is a linguistic object!
axioms of arithmetics’
which is nothing but the physicalist step




This is a usual scien-
the assertion that there exists a| tific assertion, just as the

proof-process in the formal | assertion of the chemist
system called arithmetics, the | about the existence of the

result of which is the formula process
342 =>5.

2H2 -+ Oz — ZHQO

According to this view, a mathematical proposition can be
true before anybody can prove it. This simply refers to the
normal situation in sciences, that things exist in the world
that have not been discovered yet. It is true that process
2H>, + O, — 2H>0 exists in the world even if the chemist has
not discovered the existence of this process yet. Actually, it
would be better to give an example of a reaction in the chem-
istry of man-made materials such as plastic. The laws of nature
predetermine whether a certain chemical process is possible or
not, even if nobody has initiated such a process yet. But this
kind of independence of the concept of objective truth of math-
ematical statement from the concept of ‘having been proved’
does not entitle us to claim—as the platonists do—that there is
a “truth” in mathematics which is different from the concept
of ‘being a theorem in a formal system’. In this sense, the state-
ment of Goldbach’s conjecture is objectively true or false; it is
an objective fact of the formal system, as a physical system,
that there exists proof for such a statement or not. But this ob-
jective truth or falsity has nothing to do with such a platonic
concept of truth and falsity as “either it is the case for all even
numbers that it is the sum of two primes, or there exists an
even number which is not”. The reason is that the phrase that
something “is the case for all natural numbers” is meaningless.
Not because of the infinity involved in this phrase, but because
there is no such a realm of “natural numbers” where the state
of affairs may or may not correspond with such a statement.



Not only is the ontological picture so obtained uniform but
we have a uniform semantics for all discourse: mathematical
and non-mathematical—just as the ditferent sorsts of mathe-
matical realism aim for. In order to achieve this semantical
uniformity under the umbrella of the Tarskian theory, we only
had to take a small step. We had to recognize that mathe-
matical statements, if expressed in everyday language, have
the form of 2 implies X’ instead of ‘X’. Our epistemologi-
cal/methodological investigations concluded that only the %
implies X’-sentences are scientifically justified statements in
mathematics. X is not a statement. It is merely a formula of
a formal system and it should not be regarded as a linguistic
object at all—in the ordinary sense of language. Consequently
it has no meaning, it does not refer to anything, it is not a
carrier of Tarskian truth. Just like we do not assign meaning
and truth or falsity to a dishwasher or a brick, since they are
not linguistic objects. One has to recognize that ‘X’-sentences
merely belong to the sloppy jargon of the mathematician and
they are actually used as abbreviations for the corresponding
2. implies X’-sentences. If not, then they are negligible verbal
decorations. ‘X implies X’-sentences do have meanings and
carry Tarskian truths about real physical entities of clear ontol-
ogy.

Let me make this still clearer. Assume that X is a collec-
tion of formulas Y3, Y5, ... Y. Not only is X merely a formula
of the formal system without meaning and Tarskian truth but
the same holds for the formulas Y7, Ys, ... Y,—even if they are
axioms. Since Y1, Y, ... Y,, are not linguistic objects either.

The ‘2 implies X’-sentences are the statements of mathe-
matics that can be indispensable to physical theories—since
they are no other statements. Let us accept, for the sake of



the argument,'? the Quine-Putnam indispensability argument:
& P y arg

(1) We ought to have ontological commit-
ment to all and only the entities that
are indispensable to our best scientific
theories.

(2) Mathematical entities are indispens-
able to our best scientific theories.

(3) We ought to have ontological commuit-
ment to mathematical entities.

This means, we ought to have ontological commitment to the
entities that mathematical statements are talking about. These
statements are talking about formal systems, strings of signs,
and about derivation processes relating certain strings () with
some other string of signs (X), and so on. All these entities do
exist, and to top it all they exist in the physical world.

This picture is entirely compatible with the other fact that
(an originally non-linguistic) objects like X can also be indis-
pensable for a physical theory (L,S). They can be indispens-
able as formulas in the formal system L, and they may carry
physical Truths, according to the semantics S. For example,
if X = Vgdzq = z-eis a formula expressing the (empirically
confirmed) physical statement (according to S) that all electric
charge is a multiple of the elementary charge, then—by virtue
of the indispensability argument—we ought to have ontolog-
ical commitment to the strings like X and the derivation pro-
cesses in L, the electric charge, the elementary charge, and we

2There have been many objections to both premises of the argument. See Field 1980,



may also have commitment to the reality of the property of
electric charges expressed by the formula in question. Again,
all these entities are accommodated in the physical world.

Since X is not a linguistic object in the ordinary sense of
language, the quantifiers eventually used in X should not be
“interpreted” in the ususal way. For example, the arithmetical
formula dnn > 17 should not interpreted as an ontological
statement of the existence an entity which is natural number
and larger than 17. Actually it shouldn’t be interpreted at all,
beacuse it has no meaning, since it is just a formula, a string of
physical singns in a formal system.

Abstraction is a move from the concrete to
the concrete

Many philosophers of mathematics, while admitting that for-
mal systems are “represented” in the form of physical signs
and mechanical rules, still assume that there is something be-
hind this physical representation, an “abstract structure” that
is “represented”. Sometimes we find the same ambivalent
views in the formalist school. Curry writes:

.. although a formal system may be represented in
various ways, yet the theorems derived according
to the specifications of the primitive frame remain
true without regard to changes in representation.
There is, therefore, a sense in which the primitive
frame defines a formal system as a unique object of
thought. This does not mean that there is a hypo-
statized entity called a formal system which exists
independently of any representation. On the con-
trary, in order to think of a formal system at all we



must think of it as represented somehow. But when
we think of it as formal system we abstract from all
properties peculiar to the representation.’

What does such an “abstraction” actually mean? Let us first
consider what we obtain if we abstract from some unimpor-
tant, peculiar properties of a physical system Z. In accordance
with what we said about the physical theories, we obtain a
theory P = L + S about Z, that is, a formal system L with a
semantics S relating the marks of the formal system to the (im-
portant) empirical facts of the physical system Z—where L is
a formal system in the mind, or in a computer, etc. Now, the
same holds if the physical system is a formal system (a “repre-
sentation of a formal system”, in Curry’s terminology) Z = L;.
Through the abstraction we obtain a theory L, + S describing
some important properties of the system L;. That is, instead
of an “abstract structure” we obtain another formal system L,
“represented somehow”—in Curry’s expression.

Thus, formal systems are always “flesh and blood” phys-
ical systems. These concrete physical systems should not be
regarded as physical representations of some abstract formal
systems. There are no such abstract things over and above the
physically existing formal systems.

By the same token, one cannot obtain an “abstract struc-
ture” as an “equivalence class of isomorphic formal systems”
or something like that, since in order to think of such things as
“isomorphism”, “equivalence”, “equivalence class” at all we
must think of them as living in a formal system “represented
somehow”. For it is a categorical mistake to talk about “iso-
morphism” between two physical objects. To compare two
formal systems L; and L, we have to use a meta-mathematical
theory capable of describing both L; and L,. That is to say we

BCurry 1951, p. 30.



have to have a physical theory (M, S) where M is a third for-
mal system and the semantics S points partly to L, which is a
part of the physical world, and partly to L,, which is another
part of the physical world.

theoretical
" model of L

g _ theoretical
--------------------------------- model of Ly
Ly
- ::,;,5 isomorphism
g __ theoretical
% .............................. model of L,
Ly

_l-equivalence class

“ pr(;totype
“abstract formal system”

Since “isomorphism”, “equivalence class”, etc. are set-
theoretic concepts, M must be a formal system containing set
theory. Formal systems Ly, Lo, ... L, are simultaneously repre-
sented in the physical theory (M,S). Only in M it is mean-
ingful to say that the theoretical models of Ly, Ly, ... L, are iso-
morphic and constitute an equivalence class. Only in M we



can define the prototype of these structures, which can be re-
garded as an “abstract mathematical structure”. And, more
importantly, all these mathematical objects live in the formal
system M, in a “flesh and blood” formal system existing in the
physical world.

This is neither a nominalistic view nor an attack on scien-
tific realism. When a satisfactorily confirmed physical theory
claims that a physical object has a certain property adequately
described by means of a formal system, then this reflects—with
or without the “foot-stamp” of the true realist—a real feature of
physical reality. When many different physical objects display
a similar property that is describable by means of the same
formal system, then we may generalize and claim that these
physical objects all possess the feature in question. This will
be a true general feature of the group of objects in question,
described by means of a formal system as a real physical sys-
tem.

But, this realist commitment does not entitle us to claim that
“abstract structures” exist over and above the real formal sys-
tems of physical existence. Again, the reason is that if we tried
to consider such an “abstract structure” as a feature of the for-
mal system itself, or as a general feature of many similar for-
mal systems, then we would obtain another, “flesh and blood”,
formal system of physical existence.

This observation, in conjunction with our previous observa-
tion that the role of human faculties in the formal machinery
establishing the truth of a mathematical sentence is limited and
unessential, is not a surprise from a physicalist point of view.
For even if mathematical objects are “all in someone’s mind”,
they would be nothing but physical processes going on in our
brain and body. However, independently of the general phys-
icalist account of the mental, the simple fact that abstraction



is unable to go beyond the “physically represented” formal
systems is a very strong argument against structuralism and
concept Platonism.

In brief: if, according to Frege’s account,'*the abstract

things are items in the “third realm”, which are non-mental
and non-sensible, then mathematics has nothing to do with
“abstract” things. This conclusion is in contradiction with the
generally accepted view according to which mathematical ob-
jects constitute paradigm cases of abstract entities. The confu-
sion is caused by the misunderstanding of the following facts:

(a)

(b)

(c)

Mathematical truths are independent from the state
of affairs in that part of the mathematician’s exter-
nal world, which is also external to the formal sys-
tem in question. (Let us call this part of the world
realm A.) That is, mathematical truths are indepen-
dent of the realm traditionally described by physical
theories. Therefore mathematical truths seem to be
spaceless and timeless.

Mathematical truths are independent of that part of
the mathematician’s internal world, which is external
to the formal system in question. (Let us call this part
of the world realm B.) Mathematical truths are inter-
subjective.

Within the framework of a physical theory, a math-
ematical truth may correspond to a fact of realm A.
This correspondence is depending on the concrete
physical theory and its faithfulness is an empirical
question. Similarly, a mathematical truth can corre-
spond to an idea in realm B. This idea, however, is

HFrege 1968.



subjective and may vary from person to person. As it
follows from (a) and (b), mathematical truths are over
and above the realms A and B.

Now, observation (c) is widely misinterpreted as saying that
mathematical truths are truths about “abstract entities” exist-
ing over and above the “concrete representations” in both the
internal and the external worlds. However, this claim obvi-
ously overlooks the fact that realm A is not identical with the
external world and realm B is not identical with the internal
world. What is missing from A and B is just what mathemati-
cal truths refer to, the formal systems themselves constituting
a particular part of the real world, either in its external or in
its internal parts—it does not make essential difference in our
physicalist framework. And, as we have seen, abstraction does
not lead outside this realm of concrete physical entities.

To sum up, a formal system is a physical system, the marks
of the formal system are embodied in different phenomena re-
lated to the system and the derivation rules are embodied in
those regularities that govern the system’s behavior. A mathe-
matical derivation, making a mathematical proposition true, is
nothing but a physical process going on in the formal system,
and a theorem is the output of the process. To prove a theo-
rem is nothing but to observe a derivation process in a formal
system—that is, to observe a physical process in a physical sys-
tem. That is all! In this physicalist ontological picture there are
no “mathematical structures”, as abstract thoughts, which are
“represented” in the various formal systems.

Thus, physicalism—including the physicalist account of the
mental—completes the formalist foundation of mathematics
and removes the last residues of Platonism. The physicalist on-
tology of mathematical truth makes it completely pointless in
mathematics to introduce a concept of truth different from that



of being proved. Mathematical proposition, as a formula in a
formal system, does not carry meaning and semantic truth. At
the same time, however, it corresponds to a physical fact. By
this correspondence, a true; mathematical proposition reflects
a truth in the usual sense of Tarski’s semantical theory of truth,
just like a true, sentence in a physical theory. Namely, it re-
flects a fact, a physical fact of the formal system itself. In this
way, indeed, “mathematical truth is a part of objective reality”.

This is the way I propose to “naturalize mathematics”.
In this way, mathematical knowledge is not conventional—
except the choice of the topic itself, there is nothing con-
ventional in the statement ‘2 implies X’. It is not trivial—
sometimes it is highly non-trivial whether % implies X. It
is not perfect, not a priori, and not certain. Just like non-
mathematical sciences, mathematics delivers to us knowledge
of contingent facts about a particular part of the physical
world. Formal systems constitute this particular part of the
physical world. This is what we can call “mathematical real-
ity”, and mathematicians rightly think themselves as scientists,
exploring the intricacies of mathematical reality

Since there are no “abstract formal systems” over and above
the physically existing systems of signs and derivation pro-
cesses, in order to simplify our further considerations, we
make the following stipulation without the loss of generality:

Stipulation 1 A formal system is a machine (like a computer) which
has the following behavior: when it is started it prints out the list of
axioms and derivation rules of the system in question and then it
prints out a sequence of formulas constituting a proof of a theorem
and stops.

In order to remind the reader of this stipulation I shall some-
times call a formal system a formal machine. I do not want



to specify what will happen if we start the machine again. In
general it produces another sequence of theorems and stops.

An important consequence of this stipulation is that a state-
ment is a “mathematical statement” only if it is a string printed
out by the correponding formal machine. In other words, it is
not a mathematical statement if its proof involves faculties be-
yond the formal machine itself.



Induction versus deduction

The physicalist-formalist approach has interesting and impor-
tant consequences in the philosophical analysis of Godel’s the-
orems and other foundational questions of mathematics, as I
shall discuss in the next chapters. In the last part of this philo-
sophical introduction we confine our attention to an important
epistemological consequence of the physicalist ontology of for-
mal systems.

It is a long tradition in the history of philosophy that—in
Leibniz’s words:

There are ... two kinds of truths: those of reasoning
and those of fact. The truths of reasoning are nec-
essary and their opposite is impossible; the truths

of fact are contingent and their opposites are possi-
ble.!>

According to this tradition, one cannot justify a general state-
ment about the world by induction. Deduction, contrary to in-
duction, provides secure confidence because it is based on pure
reasoning, without referring to empirical facts. According to
the key idea of rationalism, cognition is an independent source
of trustworthy knowledge. Moreover, it is the only secure
source of knowledge, the rationalists say, because cognition
is the only source of necessary truth, while experience cannot
deliver to us necessary truths, i. e., truths completely demon-
strated by reason.

Let us leave aside the epistemological valuation of knowl-
edge we obtain through inductive inference and consider in
more detail the problem of deduction. As Ayer pointed out,
the empiricist encounters the following difficulties: it must be

Rescher 1991, p. 21.



either assumed that the truths of formal logic and mathemat-
ics are not necessary truths, in which case one must account
for the universal conviction that they are; or one must say that
they have no factual content, and then it must be explained
how a proposition which is empty of all factual content can be
true and useful and surprising.

According to the physical realist, mathematical and logical
truths are not certain and not necessary, since they are nothing
but generalizations of our fundamental experiences about the
physical world, and, as such, they are, admittedly, fallible.

Logical empiricists, on the contrary, did not reject the neces-
sity and certainty of mathematical and logical truths. Accord-
ing to their solution, analytical truths do not refer to the facts
of reality. For we cannot obtain more information through de-
ductive inference than that already contained in the premises.
In other words, according to the logical empiricism, there are
no synthetic a priori statements.

Popper’s falsification principle also accepts the necessity and
certainty of mathematical and logical truths. This is the basis
of the principal distinction between induction and deduction.
Similarly, this principal distinction between the “trustworthy
deductive inference” and the “always uncertain inductive gen-
eralization” is the fundamental tenet upon which the widely
accepted hypothetico-deductive and Bayesian theories of sci-
ence are built up, seemingly eliminating the problem of induc-
tion.

Now, from the standpoint of our physicalist ontology of formal
systems, we have arrived at the conclusion that mathematical
and logical truths are not necessary and not certain, but they
do have factual content referring to the real world.

For “deduction” is a concept which is meaningful only in
a given formal system. On the other hand, as we have seen,



a formal system is nothing but a physical system, and deriva-
tion is a physical process. The knowledge of a mathematical
truth is the knowledge of a property of the formal system in
question—the knowledge of a fact about the physical world.
The formal system is that part of physical reality to which mathemat-
ical and logical truths refer.

It must be emphasized that this reference to the physical
world is of a nature completely different from that assumed,
for example, by Mill in his physical realist philosophy of math-
ematics. In the terminology we introduced with respect to
physical theories, the formal statements still do not have any
reference to the real world in the sense of the truth-conditions
of Truth,, since mathematics does not provide us with a se-
mantics directed from the formal system to the outside world.
When we are talking about the empirical character of math-
ematical truths, we are still talking about Truth;, namely we
assert that even Truth; is of empirical nature, the factual con-
tent of which is rooted in our experiences with respect to the
formal system itself. Mathematics is, in this sense, an empirical
science.

The knowledge we obtain through a deductive inference is
nothing but an empirical knowledge we obtain through the ob-
servation of the derivation process within the formal system in
question. In other words, deduction is a particular case of in-
duction. Consequently, the certainty of mathematics, that is the
degree of certainty with which one can know the result of a deduc-
tive inference, is the same as the degree of certainty of our knowledge
about the outcomes of any other physical processes.

For example, the reason why the truth of the height theo-
rem is uncertain is not that our knowledge about the proper-
ties of “real triangles” is uncertain, as Mill takes it 1° but rather

16The same kind of fallibility appears in Maddy’s theory of naturarised mathematical



that our knowledge about the deductive (physical) process, the
outcome of which is the height theorem, is uncertain, no mat-
ter how many times we repeat the observation of this process.

In order to explain the universal conviction that mathemat-
ical truths are necessary and certain, notice that there are many
elements of our knowledge about the world which seem to be
necessary and certain, albeit they have been obtained from in-
ductive generalization. If we need a shorter stick, we break a
long one. We are “sure” about the outcome of such an opera-
tion: the result is a shorter stick. This regularity of the physical
world is known to us from experiences.

The certainty of this knowledge is, however, no less than
the certainty of the inference from the Euclidean axioms to the
height theorem. Mathematical and logical truths are consid-
ered necessary and certain for the following two reasons:

1. Usually formal systems are simple and stable physical
systems.

2. The knowledge of mathematical truths does not require
observations of the world external to mathematics.

To sum up, the physicalist approach resolves Ayer’s problem
in the following way:

e Mathematical and logical truths express objective facts
of a particular part of the physical world, namely, the
facts of the formal systems themselves. They are syn-
thetic, a posteriori, not necessary, and not certain, they
are fallible, but have contingent factual content, as any
similar scientific assertion.

e The fact that
intuition (Maddy 1990, p. 268).




a) the formal systems usually are simple physical
systems of stable behaviour and

b) that the knowledge of mathematical and logical
truths does not require observations of the world
external to the formal systems

explains why mathematical and logical truths appear to
everyone to be necessary, certain and a priori.

Empiricism is not challenged by the alleged necessary truths
delivered by mathematical and logical reasoning. On the con-
trary, consequent physicalism can resolve the long-standing
debate surrounding the truth-of-reasoning versus truth-of-
facts dichotomy. Mathematical and logical truths are noth-
ing but knowledge obtained through inductive generaliza-
tion from experiences with respect to a particular physical
system, the formal system itself. Since mathematical and logi-
cal derivations are reasonings par excellence, one must conclude
that reasoning does not deliver to us necessary truths. Reason-
ing is, if you like, a physical experiment. Therefore, the cer-
tainty available in inductive generalization is the best of all
possible certainties!



Meta-mathematical theory

A meta-mathematical theory is a theory describing a formal sys-
tem. This fact in itself provides compelling reason to follow
Hilbert’s careful distinction between mathematics (i.e., a sys-
tem of meaningless signs) and meta-mathematics (meaning-
ful statements about mathematics).!” That is to say, a meta-
mathematical theory is a theory describing a physical system.
Consequently, meta-mathematical theories are physical theo-
ries. All the truths that a meta-mathematical theory can tell us
about its object are of the type Truth,. And, since there is no
a priori physical truth, there is no a priori meta-mathematical
truth. This means that no feature of a formal system can be
“proved” mathematically. (Not to mention that, according to
the physicalist account of mathematical truth, there is no a pri-
ori mathematical truth either.) Genuine information about a
formal system must be acquired by a posteriori means, that is,
by observation of the formal system and, as in physics in gen-
eral, by inductive generalization.

So, a properly construed meta-mathematical theory has the
same structure as physical theories in general. Let L denote the
object formal system described by the meta-theory in question.
The meta-mathematical theory consists of two components, a
formal system M and a semantics S. Now, in order to make any
prediction using the meta-mathematical theory (M, S) about the
properties of the formal system L, first one has to confirm that
(M, S) is a faithful theory of L. And, as in the case of any other
physical theory, there is no way to confirm this faithfulness
other than to confirm it empirically.

17See Nagel and Newman 1958, p. 28.



An important consequence of this fact is that one cannot
“mathematically prove” a property of a formal system such as,
for example, its consistency. Just as one cannot “mathemati-
cally prove” the conservation of energy in a certain physical
processes. Let me illustrate this with a well known and simple
example of the so called “absolute proof of the consistency of

sentence calculus”.1®

Alphabet of symbols: \

~,D,(,),p 4,1, etc.

Well-formed formulas:
1. p,q,7, etc. are wfs.

2. If A, B are wfs. then (~ A), (A D B), are wfs.

3. All wfs. are generated by 1. and 2.

> L
Axiom schemes:
(L1) AD(BDA)
(L2) (ADBDC)D((ADB)D(ADQ)))
(L3) (((~A) D (~B) > (B> A)))
Modus Ponens:
(MP) A and (A D B) implies B y

The system L is called consistent if there is no formula X
such - X and -~ X. The standard “absolute proof” of the
consistency of L goes as follows:

18See Nagel and Newman 1958, pp. 45-56, or any mathematical logic text-book, for
example, Hamilton 1988, Chapter 2.



Definition: A coloring of L is a function v whose domain is the
set of wfs. of L and whose range is the set {red, blue} such that, for
any wfs. A,Bof L,

(i) v(A) # v(~ A)
(ii) v(A D B) = blueif and only if v(A) = red and v(B) =
blue

Definition: A wfs. A is stably red if for every coloring v, v(A) =
red.

Proposition 1: ~ For every formula A, if A is a theorem of L then
A is stably red.

Proof: Let A be a theorem. The proof is by induction on the num-

ber n of wfs. of L in a sequence of wfs. which constitutes a proof of
Ain L.

n=1 A is an axiom. One can easily verity that every axiom
of L is stably red.
n>1 Induction hypothesis: all theorems of L which have

proofs in fewer than n steps are stably red.

Assume that the proof of A contains n wfs. Now, ei-
ther A is an axiom, in which case it is stably red, or
A follows by (MP) from previous wis. in the proof.
These two wfs. must have the form B and (B D A).
But, since B and (B D A) are stably red, it follows
from (ii) that A is stably red.

Proposition 2: L is consistent.

Proof: As is known, one can easily proof that if both X and ~ X
are theorems in L then arbitrary formula is a theorem. Conse-
quently, if there exists at least one formula in L which is not a theo-




Now, a properly formulated meta-mathematical theory of
L, will be a formal system with a semantics, (M, S), where se-
mantics S points to the empirical facts of the object formal sys-
tem L. Like in other physical theories, the formal system M
is generated from logical, mathematical and physical axioms.
Assume that the meta-theory (M, S) is strong enough to ac-
commodate something like the “absolute proof of consistency”
of L. In the proof we talk about “functions over the formulas of
L”. ‘Function’ is a mathematical concept which is meaningful
only in set theory. Also, we “prove by induction”, which re-
quires either set theory or arithmetic. Therefore, we assume
that the formal system M contains set theory (say ZF), and,
consequently, M also contains the first order predicate calcu-
lus with equality.

One may think that there are some vicious circularities here,
but this is not so. The object system L must be regarded as an
entirely autonomous formal system, not as a particular part of
the predicate calculus contained in M. What concerns me is
an entirely different problem.

The object formal system L stands as a physical system
which has to be described by a physical theory (M, S). The ele-
ments of the alphabet, the complex strings, the derivation pro-
cesses, etc., must be somehow represented in M. Then we in-
troduce theoretical concepts like “stably red”, which expresses
a structural property of formulas of L. “To be a theorem of L”
is another concept we define in M expressing another possible
property of a formula of L. Then, we prove a theorem in M say-
ing that if a formula of L is a theorem of L then it is stably red.
What is important is that this claim is just a theoretical descrip-
tion of the system L, which may be correct or incorrect. There is

YT postpone the question whether we need to be sure about the consistency of the formal
system M in order to use it in a physical (meta-mathematical) theory.



no way to decide whether it is correct or not other than testing
it empirically. Whether a formula is stably red or not is an em-
pirical question. We must observe the formula in question and
analyze its structure. Whether a formula is a theorem or not
is another empirical question. Consequently, whether such a
statement of the theory (M, S) as ‘Every theorem of L is a sta-
bly red formula.” is correct or not is an empirical question—in
spite of the fact that a corresponding statement can be derived
in M. (Truth, does not follow from Truth;!) We observe that
whenever a formula of L is a theorem of L, it is stably red.
From these observations, through inductive generalization, we
arrive at the conclusion that this law is empirically confirmed.
And similar observations confirm the whole theory (M, S) de-
scribing L.

To avoid any misunderstandings, I do not question the
statement that sentence calculus is consistent. I believe in it
as I believe in the conservation of energy. That is to say, what I
claim is that the epistemological status of this statement is the
epistemological status of a physical law, which is not the same
as the epistemological status of a mathematical theorem. To be
sure, both a mathematical theorem and a physical law are con-
firmed by physical observation. But, the mathematical theo-
rem we derive in M is confirmed by the physical observation of
a sequence of formulas in the formal system M, constituting a
proof of the theorem of M, while the meta-mathematical state-
ment about L is confirmed by observations of physical facts of
the object formal system L.



Ember tervez, Isten végez!

1. Lehet-e tudni, hogy a Merkur hol lesz két év miilva?
Nem. Alkalmazhatjuk a fizika torvényeit és kiszamithat-
juk, hol lesz. Az eredmény azonban csak egy hipotézis,
amelyet a kordbbi tapasztalat alapjan, induktiv &ltaldno-
sitassal nyertink.

2. Tudhatom-e elOre azt, hogy egy dltalam tervezett berendezés a
jovoben hogyan viselkedik?
Nem. Tervezni annyit tesz, mint a vildg egy porcikajat az
A helyzetbe hozni és — a kordbbi tapasztalat alapjan in-
duktiv &ltaldnositdssal nyert hipotézisnek megfelel6en —
remélni, hogy B torténik.

3. Lehet-e azt elore tudni, hogy egy dltalunk tervezett komputer
eqy dltalunk irt programmal elinditva, mit fog kinyomtatni?
Nem. Az 4altalunk tervezett komputerbdl és az altalunk
irt programot tartalmaz6 adathordozobdl alloé rendszer
nem mas mint a vildg egy porcikdja valamely A allapotba
hozva, s csak remélhetjiik, hogy a korédbbi tapasztalatra
épitett hipotézisnek megfelel B dolog fog torténni.

4. Lehet-e azt elore tudni, hogy egy dltalunk kitaldlt (megalkotott)
formdlis rendszernek milyen tulajdonsdgai vannak?
Nem. A formélis rendszer mindig egy fizikai rend-
szer formdajaban testesiil meg. A ra vonatkozé joslata-
ink episztemoldgiai statusza semmiben nem kiilonbozik
mas fizikai rendszerek viselkedésére vonatkozo joslata-
ink episztemolodgiai statuszatél. Ha van egy ,elméle-
tiink”, mely szerint a sz6ban forg6 formaélis rendszernek
ilyen és ilyen tulajdonsdgot kell mutatnia, nem tudhat-
juk a priori, hogy az elméletiink helyes. Elméletiink kon-
firmélasanak egyetlen lehetséges modja — csakiigy, mint



minden mads fizikai rendszer lefrasara szolgdlé elmélet
esetében —, hogy megfigyeljiik, a rendszer viselkedése va-
l6ban olyan-e, mint ahogyan azt az elméletiink megjésol-
ja.



Turing-gépek

A Turing-gép fogalma és elmélete a mechanikus kiszamithato-
sdg koncepcigjat kivanja megragadni a matematikaban.

A Turing-gép leirasa

A gépnek van egy szalagja, amely kis négyzetekre van osztva.

Egy olvaso fej egyszerre egyetlen négyzet tartalmat tudja be-
olvasni, vagy atirni. Tovabba tud a szalagon egy kockéval el6-
re vagy hatra lépni. A gép egy meghatarozott 4bécét hasznal:
S0, 51, . - . Sp, ahol Sp megéllapodas szerint az tires kockanak fe-
lel meg. Feltételezziik, hogy a gépnek véges sok bels6 4lla-
pota lehetséges: qo,q1,...qm. Tovabba, hogy a gép egy adott
pillanatban a pillanatnyi bels6 allapota és az éppen beolvasott
négyzet tartalma altal eqyértelmiien determindlt médon teszi meg
a kovetkez6 1épést. Ez a 1épés a kovetkezdk egyike lehet:

(1) megvaltoztatja a beolvasott kockdban beirt szimbo-
lumot

(i1) egy kockaval jobbra lép

(iii) egy kockéval balra 1ép

Mint ebbdl kidertil, a gép miikodése egyértelmiien megadhat6
a kovetkez6 fajta négyesekbdl allo véges tablazat segitségével:

Allapot  Beolvasott | Akcié | Uj allapot
(i) qi S]' Sk qi atiras

(ii) qi S R qi 1épés jobbra
(iii)| g; S; L qi 1épés balra




A gép miikodésének determinisztikus jellege abban nyil-
vanul meg, hogy nincs két négyes, amelyik ugyanazzal a
(allapot, jel) parral kezd6dne. Ha a gép egy olyan (allapot, jel)
parhoz érkezik, amelyhez nem tartozik négyes, akkor megall.

Azt a szitudciot, melyben a g; dllapott gép egy adott jellel
ellatott kockdjat olvassa be a szalagnak

L qx
1Siy | Siy | Siy | Sis | Siy | Sis
a kovetkezbképpen fogjuk jellni:
.. SiOSi1QkSi25i3Si4Si5 ce

Nevezziik az ilyen stringet szitudcio stringnek. Példaul, tegyiik
fel, a gép a kovetkezd instrukcidkat kapja:

g1 51 L g
g2 S2 L g2

A szalag nem tires része mondjuk a kovetkez6:
5152525152 ...54

és a g1 allapotu gép éppen a masodik Si-et fogja beolvasni.
Vagyis

5152526]15152 51

Ekkor a g1 51 L g2 négyesnek megfelel mtiveletet hajtja végre,
és a kovetkez6 szituacio fog eldallni:

51526]25251 Sz 51
Ekkor a g, 5, L g5 instrukci6 szerint azt kapjuk, hogy
51q2525251 Sz S1



majd
q251525251 Sz Sl

és mivel egyetlen instrukcié sem kezdddik g, Si-gyel, a gép
megall.



Példdk elemi mitiveleteket végrehajté Turing-
gépekre

Egy S; jel keresése
Allapot Beolvasott Akcié Uj allapot
qo 50 R qo
q0 51 R q0
q0 Si1 R q0
90 S S I
q0 Sit1 R q0
qo Sn R qo

A gép megall amikor S;-t talal.
Mozogjon jobbra és mindenre tegyen vesszot

q0 " R qo
q0 S S qo

Ha azt akarjuk, hogy a gép megélljon egy adott jelnél, pél-
ddul [1ndl, akkor a tadbldzatbdl eltavolitjuk azokat a sorokat,
amelyek masodik eleme L.

Nyilvanval6éan semmi akadalya annak, hogy tobb elemi
miiveletet végrehajtani képes Turing-gépet egy komplexebb
Turing-géppé rakjunk Ossze. Hogy a gépeket egymastol meg-
kiilonboztessiik, az allapotaikat kell megfelel6en atnevezni.
Pl. a fenti két gépbdl, készitsiink olyan Turing-gépet, amelyik
jobbra mozogva megkeres az els6 S;-t, majd onnantdl fogva
mindenre tesz egy vessz6t! A masodik gép allapotait dtnevez-
ziik, méghozza éppen ugy, hogy legyen a mésodik gép g 4lla-
pota az els6 gép g; allapota. Tehat az Osszetett gép tablazata

} az abc minden S, S’ jelére



go S1 R qo
9o Si-1 R qo
qo Sj Sj M
qo Si+1 R qo
go Sn» R qo
91 S; R q
qv Si Sim

HF Minden jelet tegyen egy kockaval jobbra. [Triikk: a gép
ugy tud emlékezni egy informdéciora, hogy egy az informa-
cibnak megfelel$ allapotban van. (Vagyis a Turing-gép egy
Markov-folymat!)]

HF A gép a szalagon egy egyesekbdl allo blokkot lemésol a
szalag tires helyére.

Eldonthetd problémaosztaly

Tegyiik fel, hogy valamely kérdéseknek/probléméaknak egy
osztdlya megfogalmazhatd egy véges abc segitségével ugy,
hogy felvihetd egy Turing-gép szalagjara. (A szokdsos meg-
hatarozas szerint) Q tipusu problémdaknak egy osztélya kiszd-
mithato (eldonthetd, megoldhatd), ha létezik olyan M Turing-gép,
amely — alkalmazva az osztalyba tartozo tetszbleges Q kérdés-
re — az 1-en 4ll meg, ha a Q-ra adott valasz IGEN és [J-n, ha a
valasz NEM.

PL. Legyen Q az a kérdés, hogy adott harom természetes
szam esetén, (a,b, c), igaz-e, hogy c az a és b legnagyobb kozos



osztdja? Ennek elddntésére, ismert egyszerii algoritmus alap-
jan, konnyen konstrudlhat6 olyan Turing-gép, amely ezt a fenti
értelemben eldonti.

A Turing-gépek standard leirasa

Mivel a Turing-gépek véges szamu szimbolumot hasznélnak.
az altalanossag csorbitdsa nélkiil feltehetjiik, hogy ezek a je-
lek a J,1,1,1",.... Az allapotokat is jelolhetjik a gq,4', 49", ...
jelekkel. A gép mtikodését megadhatjuk tehat a [1,1,,4,R, L
jelekbdl all6 stringek segitségével, pl. a

utasitdsokbdl 4ll6 tdblazat megadhato egyértelmtien a kovet-

kez6 stringgel:
quq/qllllllq//

S6t, mindent kifejezhettink a [J,1,1/,17, ... abc-vel:

]« [
1 — 1
/ s 1/
q s 1//
R s 1///
L s 1////

Az M Turing-gép miikodését meghatdrozo tablazatot tehat
egyetlen [J,1,1,1”,1",1""-stringgel megadhatjuk. Ezt a jelso-
rozatot | M |-mel fogjuk jelolni, és a Turing-gép standard leiri-
sdnak nevezziik.



Egy eldonthetetlen problémaosztaly (,Halting
problem”)

Tekintsiik a kovetkezd kérdést:

Qm : Megéll-e az M Turing-gép egy [ jelen, ha az | M|
jelsorozatra alkalmazzuk?

A Qu kérdés egyértelmiien megadottnak tekintheté az | M|
megaddsaval. Jelolje {Qum},, az ilyen kérdések osztalyat, ahol
M tetszOleges Turing-gépet jelol. Arra keresiink valaszt, vajon
létezhet-e olyan algoritmikus eljaras, magyarul olyan Turing-
gép, amely képes megvdlaszolni minden a {Qum},, osztdlyba
tartozo kérdést.

Képzeljiink el egy S gépet, amelyik teljesiti ezt a feladatot,
tehat beolvassa az | M| stringet és 1-en all meg, ha a valasz
a Qum kérdésre IGEN, és [1-n, ha a valasz NEM. A probléma,
hogy hogyan viselkedik ez a gép — melynek tetsz6leges | M |-
re miikodnie kellene —, ha az inputja éppen |S|? Ha S megall
az 1-en, az azt jelenti, hogy a Qs kérdésre a valasz IGEN, azaz
az S a [-n 4ll meg ha [S]-ra alkalmazzuk. Es forditva, ha S a
[I-n 4ll meg, az azt jelenti, hogy a Qs kérdésre a valasz NEM,
tehat az S gép nem all meg a [J-n. Mindkét esetet egyfajta el-
lentmondasnak szokas tekinteni, és a szokasos konkluzié az,
hogy ilyen S gép nem létezik. Més széval, hogy a Qs problé-
maosztaly algoritmikusan nem megoldhato, eldonthetetlen.

NB Konnyen gondolhatjuk, hogy a probléma abbdl szarma-
zik, hogy a gép az IGEN és NEM vélaszokat az 1 és [ jeleken
val6 megallassal kozli, és hogy mas lenne a helyzet, ha a gép a
[J-n 4llna meg, ha a valasz IGEN és 1-en, ha NEM. Ez azonban
nem igaz. Ha létezik ilyen T gép, akkor konnyen konstrudlha-
t6 egy mésik gép, amely a T IGEN jelzését 1-be, a NEM jelzését



[J-ba konvertélja, s a két gép kombindcidja megint egy olyan
Turing-gép lenne, ami eleget tesz az eredeti feltételeinknek, s a
fenti argumentum alkalmazhato, tehat nem létezhet ilyen gép,
kovetkezésképpen nem létezhet T sem.

NB Konnyen beldthat6 az is, hogy a helyzeten semmit sem
valtoztat, ha a Qp kérdést méasképpen kodoljuk, hiszen mindig
talalni olyan Turing-gépet, amelyik a M egy tetszbleges masik
koédolasat az | M| stringbe konvertalja, és viszont.

Univerzalis Turing-gép

Azt gondolhatnank, hogy a probléma abbdl fakad, hogy nem
lehetséges olyan gépet konstrudlni, amely képes atfogni az
Osszes lehetséges Turing-gép miikodését. Belathaté azonban,
hogy ilyen gép létezik. Univerzilis Turing-gépnek nevezziink
egy olyan U gépet, amely képes arra, hogy beolvassa egy tet-
szbleges gép | M| standard leirasat, és beolvasva egy tetszéle-
ges | P| kédjat a szalagnak szimuldlja M mtikodését a P szalag-
tartalom mellett. (Annak leirdsat, hogy egy ilyen univerzalis
Turing-gép hogyan miikodik, lasd Crossley 40-41 oldal.)

A ,Halting” probléma univerzalis Turing-gépre

Vizsgaljuk tehat azt a szitudcidét, amikor az U univerzalis
Turing-gép az M gépet fogja szimuldlni, amikor az az | M|
stringre van alkalmazva. Mds szdval, U szdméra adott a

string, mint input. (A * csak segéd jel, amely jelzi a gép sza-
mara, hogy mett6l meddig terjed egy egybefiiggd része a beol-
vasott stringnek.) Tekintsiik a kovetkezd kérdést:



Qw : Megdéll-e az U univerzalis Turing-gép egy Ll jelen,
ha a W jelsorozatra alkalmazzuk?

Legyen {Qw},, az ilyen kérdések osztdlya. Létezik-e Turing-
gép, amelyik képes megvalaszolni a { Qw }, osztdlyba tartozé
Osszes kérdést? Valaszunk az, hogy nem.

9. Tétel. A {Qw }y problémaosztily nem eldontheto.

Bizonyitds {Qw},, nyilvan tartalmazza az olyan Qy kérdé-
seket is, ahol W = W).. Mivel ilyenkor U szimuldlja M miko-
dését, U akkor és csak akkor 41l meg [J-n ha M [-n 41l meg, ha
M-et | M|-re alkalmazzuk. Mds széval, a {Qw },y probléma-
osztaly csak akkor lehetne eldonthets, ha a { Qum},, probléma-
osztdly eldonthet6 lenne.

Halting-probléma, episztemoldgia, endofizika

1 Elkeriilend a félreértéseket, amelyekkel a populéris iro-
dalomban gyakran taldlkozunk, ne gondoljunk tobbet a fenti
eldonthetetlenségi tételek mogé, mint amit valdjaban bizonyi-
tottunk! A tételek nem azt dllitjdik, hogy az adott problémaosztdly-
ba tartozo problémdk nem donthetdOk el algoritmikusan! A tételek
azt allitjak, hogy nem létezik egyetlen algoritmus (Turing-gép),
amely az osztdlyba tartozo6 dsszes kérdést meg tudja valaszolni.

2 A ,Halting” probléma targyaldsandl felbukkan az ,0nre-
ferencia” motivuma. Vildgosan kell latni azonban, hogy en-
nek nincs kiilondsebb jelentdsége, és semmi koze nincs a
,megismerhet6-e a vildg, amelynek mi is részei vagyunk” jelle-
gli endofizikai problémdahoz és mas episztemologiai kérdéshez.
Egyéaltalan, a sz6ban forgé matematikai tételek mogott sem-
miféle metafizikai mélység nincs. Vildgos ugyanis, hogy csak



akkor vonhatunk le a Turing-gépekrdl mondottakb6l barmi-
féle metafizikai/episztemologiai kovetkeztetést, ha a Turing-
gépre mint valosdgos fizikai objektumra gondolunk. Marpe-
dig kérdéses, hogy mi torténik egy valdsagos fizikai komputer-
rel olyen esetben, amikor a * [ M| * * | [ M] ] * stringet olvassa
be, vagyis olyan utasitasok O0sszességét, melynek alapjan egy-
szerre kellene neki igent és nemet mondania, amit nyilvdn nem
tud. Ugyanigy, mint ahogy kérdéses mi torténik egy autoval,
ha egyszerre nyomjuk a féket és a gazt.

3 Mit is jelent az, ha egy Turing-gép , képes” megvalaszol-
ni egy kérdést. Mikor értelmes azt mondani, hogy a Turing-
gépbe bevitt input egy adott kérdésnek a ,reprezenticidja”?
Nyilvanval6, hogy a reprezentdcié nem meriilhet ki egy egy-
szeri megfeleltetésben. Még Ujév hajnalan is képesek va-
gyunk kolcsonosen egyértelmii megfeleltetést definidlni a ki-
ontott 6lom formdja és a valdsdgos vildgban a dolgok ilyen
vagy olyan éallasa kozott, mégsem gondolhatjuk komolyan,
hogy az 6lomontés kimenetele ,,megvalaszolja” azt a kérdést,
hogy a nagylany férjhez megy-e az 0j évben vagy sem! Tehéat
ahhoz, hogy azt monthassuk, hogy a Turing-gép viselkedésé-
nek egy A tipusa a val6s vildgban a dolgok alldsdnak valamely
a tipusat reprezentdlja, az sziikséges, hogy objektive fenndll-
jon, hogy a Turing-gép akkor és csak akkor mutatja az A visel-
kedést, ha a fenndll, de legaldbbis erds korrelacié alljon fenn
A és a kozott. Marpedig nem lehetséges egy ilyen korreldcio
tényét a priori allitani.



Godel inkomplettségi tétel

Godel-szamozas

Egy formula Godel-szama Az aritmetikdban hasznalt jelek-
hez szamokat rendeliink:

0 & 1
s & 2
+ & 3
- s 4
= & 5
(< 6
) & 7
, < 8
x & 9
| < 10
- < 11
AN < 12
4 < 13

A valtozok jelolésére hasznéljuk a x|, x|, x|, . . . jeleket. Tekint-
siik az aritmetika egy formulgjat, péld4ul

+(5(5(0)),5(s(0))) = s(s(s(s(0))))

Ehhez a kovetkez6képpen rendeliink szamot:

+(s(s .. ) ) )
36262 ... 7 7 7

2 35711 ... 113 127 131
23365276112 ... 113712771317

Vilagos, hogy ezzel a mddszerrel minden ¢ formuldhoz
egyértelmtien hozzarendeltiink egy szamot. Ezt a szamot a



¢ formula Godel-szdmdnak nevezziik, és |¢]|-vel fogjuk jelol-
ni. Természetesen, nem minden természetes szam Godel-
szama valamilyen formuldnak. De ha az, a primfelbontés egy-
értelmiisége miatt, egyértelmii, hogy milyen formula Godel-
szamarol van szo.

Egy formula sorozat Godel-szama Legyen ¢y, ¢, ¢3, ... for-
mulédk egy sorozata. A formulasorozathoz rendelt Godel-
szam: 21911319215931 . .. Vildgos, hogy a primfelbontas egyértel-
miisége miatt egy formulasorozat Godel-szdma egyértelmtien
meghatarozza, hogy milyen formuldk sorozataroél van szo.

Godel-mondat

Tekintsiik a kovetkezd meta-elméleti (tehat az aritmetikarol
sz010) predikdtumot:

PfM(x,y): az x Godel-szama formulasorozat az y Godel-
szamu formula bizonyitasa.

Most kicsit bonyolitsuk meg:

PfM(x,y,z): x azon formula bizonyitdsdnak a Godel-széma,
melyet az y Godel-szdmu, egy szabad valtozo6t tar-
talmazé formulabdl kapunk, tgy, hogy a valtozé
helyére a z szamot (individuum véaltozoét) helyette-
sitjiik.

A PfM(x,y,z) éllitasra tgy tekinthetiink, mint szamok kozot-
ti reldcidra, vagyis az &llitds akkor és csak akkor igaz, ha a
megfeleld relacié fennall. Ha mondunk harom szdmot, x,y, z,
akkor egyszerti aritmetikai algoritmusoknak a (természetesen
bonyolult) sorozataval eldonthets, hogy a Pf™(x,v,z) mondat



igaz-e vagy hamis. Hiszen szdmok primfelbontdsat, és mas
hasonl¢ aritmetikai miiveleteket kell ehhez elvégezni. (A meg-
feleld relaci6 rekurzive megadhat6.) Ennek alapjan megmutat-
hato, hogy létezik olyan Pf(x, y, z) formuldja az aritmetikanak,
amelyre

{aritmetika} - Pf(x,y,z) ha PfM(x,vy,z) igaz
{aritmetika} - —=Pf(x,y,z) ha PfM(x,y,z) hamis

Tekintsiik most a =3xPf(x,y,y) formulat az aritmetikaban.
Legyen ennek a formuldnak a Godel-szdma g. A kovetkezd
mondatot Godel-mondatnak szokds nevezni:

—3xPf(x,8,8)

és G-vel fogjuk jeldlni.

10. Tétel. Sem G, sem —G nem vezetheto le az aritmetikdban, tehit

{aritmetika} ¥ G
{aritmetika} ¥ -G

Bizonyitds Tegyiik fel, hogy G bizonyithato, vagyis hogy
{aritmetika} F —3xPf(x,¢,¢). Legyen a bizonyitdsat alko-
t6 formulasorozat Godel-szdma m. Tekintettel arra, hogy a
¢ Godel-szdmu formula a ~3xPf(x,y,v), ez azt jelenti, hogy
m a Godel-szdma azon formula bizonyitdsanak, melyet ugy
kapunk, hogy a ¢ Godel-szamu formulaban a valtozo helyé-
re ¢-t helyettesitiink. Azaz, a Pf™(m, ¢, ¢) mondat igaz, més
szoval az m, g, g szamokra fennall a megfeleld relacio, vagyis
{aritmetika} F Pf(m, g, ¢), ami ellentmondas.

Most tegytiik fel, hogy -G bizonyithats, tehat
{aritmetika} F -—-—-3xPf(x, g g), vagyis {aritmetika} I
dxPf(x,g,8). De az az els6 részben éppen azt bizonyitottuk,



hogy {aritmetika} ¥ —3xPf(x, g, g), més szbval, hogy nincs
olyan formulasorozat, amely bizonyitdsa lenne ~3xPf(x, g, g)-
nek. Ez azonban azt jelenti, hogy 1 nem Godel-szama egy
megfeleld bizonyitasnak, vagyis PfM(1, g, ¢) hamis, hasonlo-
an, PfM(2, ¢, ¢) hamis, és igy tovabb. Kovetkezésképpen,

{aritmetika} F —Pf(1,4,9)
{aritmetika} F —Pf(2,¢,9)

ami ellentmondds, ha feltessziik, hogy az aritmetika w-
konzisztens, ami azt jelenti, hogy nem létezik olyan egy szabad
valtozot tartalmazoé ¢(x) formula, amelyre egyszerre fenndll-
na, hogy

{aritmetika} F dx¢
{aritmetika} F —¢(
{aritmetika} F —¢(
{aritmetika} F —¢(

A tétel alapjan tehat azt mondhatjuk, hogy az aritmetika
vagy nem w-konzisztens, vagy létezik benne olyan mondat,
amelyre az &ll, hogy sem 8, sem a negdltja nem bizonyithato.

NB Godel-féle eredeti bizonyitds kis modositdsdval sikertilt
gyengébb feltétel mellett is bebizonyitani a tételt, nevezetesen,
hogy ha az aritmetika konzisztens, akkor létezik benne olyan
mondat, hogy sem 6 sem a negdltja nem bizonyithato.



Bizonyités és Igazsag

"Roviden, Godel megmutatta, hogy a bizonyitds az igazsdgndl gyen-
Qébb fogalom, fiiggetleniil a haszndlt axiomarendszertol.” — irja
Hofstadter a Godel, Escher, Bach c. mtivében. Vitatkoznunk kell
ezzel a széles korben elterjedt nézettel, noha a tétel jelentésé-
nek egy ilyenfajta értelmezése nem all tdvol Godel platonista
nézeteivel. Tekintsiik 4t Gjra a Godel-tétel bizonyitdsdnak sé-
majat:

Meta-matematikai Targy-elmélet
elmélet (aritmetika)
|
(M, S) > L
<
(0
M < L

Godel-szdmozas

Vagyis, adott egy meta-matematikai elmélete az L formalis
rendszernek. Ez azt jelenti, hogy adott egy masik formalis
rendszer M és egy szemantika S, ami M-et és L-et Osszekoti.
Péld4ul olyan mondatokat tudunk mondani M-ben, mint ,a
¢ formula L-ben nem bizonyithat6”, amely az L egy tulajdon-
sdgat hivatott allitani. Jeloljiikk az egyszerliség kedvéért ezt a
mondatot nb(¢)-vel. Az ilyen és hasonlé6 mondatoknak van
egy Igazsdg, értelemben vett igazsdga az (M, S)-ben. Vagyis
egy M-beli formula akkor igaz)!, ha az S szemantika értelmé-
ben 6 egy olyan allitds L-r6l, amely tényszertien fennall L-re.
Példaul, nb(¢) akkor igaz)!, ha nem létezik ¢-nek bizonyitésa
L-ben, mas szoval, ha nem igaz, hogy ¢ igaz?.

A tétel bizonyitdsaban ezek utdn megjelenik egy madsik
leképezés is, a Godel-szdmozas altal generalt 0 leképezés
(Godel-izomorfizmus). Gyakran tévesen azt allitjak, hogy ¢



,meglrzi az igazsdgot”, vagyis, hogy ha « igaz}!, akkor 8(a)
igaz L-ben. Mas sz6val, hogy Godel-zsenidlis triikkje éppen az
volt, hogy az aritmetikdrdl sz6l6 meta-matematikai elméletet
reprezentdlta magaban az aritmetikaban.

Err8l azonban nincs sz6. Vegyiik észre, hogy a bizonyi-
tdsban nem is haszndltuk ki, hogy ¥ egy igazsdg-meg&rz6
izomorfizmus lenne. Csupdan azt tettiik fel (lattuk be), hogy
specidlisan a PfM(x,y,z) tipusi meta-elméleti mondatokon
az. Vagyis, hogy ha PfM(x,v, z) Igaz)!, akkor {aritmetika} +
Pf(x,y,z), ahol Pf(x,y,z) a® (PfM(x,y,z)) formulét jeloli, és
ha PfM(x,y,z) nem Igaz}!, akkor {aritmetika} - —=Pf(x,y,z).

Téves tehat minden olyan megfogalmazas, hogy a G Godel-
mondat, vagyis a —3xPf(x,g,¢) aritmetikai mondat azzal
a meta-elméleti jelentéssel bir, hogy , G (vagyis sajat ma-
ga) nem bizonyithaté L-ben”. (Vagyis, hogy nb(G).) Ezt
csak akkor mondhatnank, ha valéban megadtunk volna egy
olyan igazsag-megdrz6 leképezést M-bdl L-be, amelyik kiter-
jed nb(G)-re is és amelyre igaz, hogy ¢ (nb(G)) = G. Eppen
a bizonyitott tétel teszi ezt lehetetlenné: Ha ugyanis, nb(G)
egy igaz meta-matematikai 4llitas, akkor a neki megfelel6 G =
& (nb(G)) formula Igaz, azaz bizonyithat6. De a tétel szerint
nem bizonyithat6, tehat a kondicidk valamelyike nem lehet
igaz.

Természetesen, ezzel egytitt az is értelmetlen, hogy ,a G
mondat igaz, hiszen azt allitja, hogy 6 nem bizonyithato, és —
minthogy bebizonyitottuk, hogy nem bizonyithaté6 — igazat
allit.”

NB Gyakori felvetés, hogy a tételben levezetett allitds dSnma-
gaban is paradox. Az tudniillik, hogy van olyan mondata az
aritmetikanak, amelyre az 4ll, hogy sem 6 sem a negaltja nem
bizonyithatd. Nem kétséges, hogy a matematikai platonista



szamara ez az tény zavarbaejt6. Minthogy a matematika ta-
nitdsa erdsen platonista szemléletet alakit ki mar gyermekkor-
ban, sokan gondoljak tigy, hogy mivel a Godel-mondat az arit-
metika egy mondata, egy szdmokrdl tett kijelentés, sziikség-
képpen vagy igaz vagy hamis. Nem tehetiink mést, mint hogy
hangstulyozzuk: aritmetika az, amit itt axiomatikusan megad-
tunk. Es az mondhaté J,gaznak” az aritmetikdban, amit az
adott rendszerben bizonyitani lehet.

Godel masodik inkomplettségi tétele

Az aritmetika akkor és c¢sak akkor konzisztens, ha
{aritmetika} ¥ 0 = 1. Ha ugyanis {aritmetika} - 0 = 1, akkor
(A1)-bdl és (A2)-b6l azonnal a negéltja is kovetkezik, tehat a
rendszer inkonzisztens. Masfel6l, ha a rendszer inkonzisztens,
akkor a 3. tételbdl kovetkez6en barmilyen mondat levezethetd,
igy az is, hogy 0 = 1. Az aritmetika konzisztencidja tehat
ekvivalens azzal az 4llitdssal, hogy nem vezethet6 lea 0 = 1
mondat. Legyen ennek a mondatnak a Godel-szdma k.

Tekintsiik most a kovetkezd, Consis-nek nevezett monda-
tot: Vx—Pf(x, k). Bonyolult bizonyitassal levezethetd az arit-
metikdban, hogy Consis — G ahol G a —=3xPf(x, g, g) Godel-
mondatot jeloli. Ha tehat Consis levezethet6 lenne az aritme-
tikdban, azaz {aritmetika} F Consis, akkor a {aritmetika}
Consis — G-bdl (MP)-vel azonnal kovetkezne G, melyrdl vi-
szont bebizonyitottuk, hogy nem levezethets. Vagyis igaz a
kovetkez6 tétel:

11. Tétel (Godel II. inkompletségi tétel). A Consis mondat
nem vezetheto le az aritmetikdban.



NB.

A tételt rendszerint tigy interpretdljdk, hogy az aritmetika kon-
zisztencidjat nem lehet magaban az aritmetikdban bizonyitani.
Ez az interpretdcié azonban problematikus: Nem igaz, hogy
a Consis mondat, vagyis a Vx—Pf(x,k) a ,Nem vezethets le a
0 = 1 formula az aritmetikdban”, vagy a vele ekvivalens , Az
aritmetika konzisztens” meta-elméleti mondatot reprezentalja.
Ugyanis semmilyen aritmetikai mondat nem tudja ezt a meta-
matematikai mondatot reprezentdlni, igy tehat a Consis sem.

Tegyiik fel ugyanis, hogy azt a meta-elméleti 4llitast, hogy
,az L rendszer konzisztens”, valdban képesek vagyunk repre-
zentdlni az L rendszer egy ¢ mondatdval. Ez azt kell hogy je-
lentse, hogy a szoban forgé mondat akkor és csak akkor Igazt,
vagyis akkor és csak -1 ¢, ha a rendszer konzisztens. De ez
nem lehetséges, hiszen ha fel is tessziik, hogy a konzisztens
rendszerben a ¢ mondat valdban levezethet, ez semmiben
nem kiilonbozik attédl a helyzett6l, ha a rendszer inkonzisztens,
hiszen a 3. tétel értelmében az inkonzisztens rendszerben béar-
mi levezethetd, igy az dllitélagos konzisztenciat reprezentél6 ¢
mondat is. Vagyis nem lehet igaz, hogy 1 akkor és csak akkor
Igaz%, ha L konzisztens, azaz ¢ nem reprezentalhatja az ,,az L
rendszer konzisztens” meta-matematikai mondatot.
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